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CHAPTER 1: INTRODUCTION

Stability in Functional Analysis Setting

The central problem of stability theory is to ascertain qualitative
features of system behavior in the absence of knowledge of specific
system solutions. Typically an intuitive notion of the type of behavior
desired is expressed in the form of a precise mathematical definition
of stability. Then conditions on system parameters are sought which are
sufficient to guarantee the system displays this type of stability. Here
it is desired that a system be characterized by one of the following two
types of behavior:

(1) The system is not explosive.

(2) The system is not critically sensitive to noise.
Concepts from functional analysis provide an appropriate vehicle for
translating these notions of desired behavior into stabiliiy definitioms.

First a suitable model of a system is required. Here a system is
viewed in a "black box" sense as a mathematical relation which connects
input functions from an input space with output functions from an output
space. A relation is not explosive if inputs of finite "size'" correspond
only to outputs of finite "size'. The notion of "size" is given a
mathematical interpretation as a norm on a fuaction space. Then a
relation is not explosive if each set of bounded inputs corresponds
to a set of bounded outputs. Such a relation is termed bounded. A
problem occurs here due to the fact that the usual spaces from analysis
contain only bounded functions. These spaces are unacceptable for use

as output spaces since it would be required at the outset that bounded



inputs lead to bounded outputs. This difficulty is obviated by employ-
ing an enlargement of the typical normed space, the extended space, as
the space of input and output functions.

The other type of stable behavior considered here is lack of
critical sensitivity to noise. Intuitively this type of behavior is
displayed by a relation where inputs arbitrarily "close” to each other
lead to outputs arbitrarily '"close" to each other. This notion of
stability is made precise by utilizing the norm of the difference of
two functions in a function space as a measure of their '"closeness".
Then lack of critical sensitivity to noise is seen to be equivalent
mathematically to continuity. Another useful physical interpretation

of continuity is that it precludes the jump phenomenon.
Gain and Sector Conditions

Boundedness results are presented here in terms of gain or sector
conditions on certain relations. The gain of a relation is roughly
defined as the maximum ratio of the norm of the output to the norm of
the input. This is an appealing definition in view of the notion of
gain employed in the linear theory. The sector condition is a generali-~
zation of the gain condition which allows the boundedness results to
find much wider application. |

Incremental counterparts to gain and sector conditions are employed
to arrive at continuity results. Loosely speaking, the incremental gain
.bf a relatioﬁ is defined as the maximum ratio of the norm of the deviatioﬁ
in the output to the norm of the deviation in the input. A generalization

of the incremental gain condition leads to the incremental sector condition.



Interesting practical interpretations of sector conditions can
be given for certain function spaces. For instance, consider relations
having input and output spaces which are extensions of rhe space of
square integrable functions. A memoryless nonlinearity satisfies a
certain sector condition if its graph lies within a region of the
plane enclosed by two lines passing through the origin. If the further
restriction is made that the slope of the nonlinearity lies between
two particular constants, then a certain incremental sector condition
is satisfied. For a linear time-invariant system a sector condition
and its incremental counterpart are equivalent. Further, it is found
that if the Nyquist diagram is situated appropriately relative to a
particular circle in the complex plane then a certain sector condition

is satisfied.
Multiple-Loop System

The idea of a multiple-loop system is translated into precise
mathematical terms as a set of simultaneous functional equations. A
block diagram corresponding to these equations takes the form of an
interconnection of a number of relations. The input supplied to each
relation is composed of a general system input plus a weighted sum of
outputs provided by other relations. The set of inputs and outputs of
the relations whose interconnection produces the multiple-loop system
is viewed as the set of general system outputs of the multiple-loop
system. Stability of the multiple-loop system is interpreted in terms
of stability of the collection of relations which connect the general

system input with each of the general system outputs. If each of



these relations is stable, then the multiple-loop system is referred
to as stable.

Here stability results are presented in terms of the interconnec-
tion structure of a multiple-loop system and in terms of the gains of
the relations which are intercomnected. For a single-loop system these
results lead to the intuitively appealing conclusion that an open-loop
gain product less than unity implies closed-loop stability.

It is found that a certain transformation of a multiple-loop system
allows gain stability conditions to be generalized to sector stability
conditions. Due to this transformation, the theory finds much wider
application than at first seems possible. One illustration of sector
results is provided by considering a multiple-loop system which is an
interconnection of an arbitrary number of memoryless nonlinearities
with a number of linear time-invariant relations. For such a system,
stability conditions can be found involving Nyquist diagrams of the
linear parts and requiring the nonlinearities to satisfy certain sector
conditions. 1In the case of a single loop these results reduce to
previously obtained results [8], [16] reminiscent of the Nyquist crite-
rion. Further manipulation leads to the familiar Popov conditions [16].

From the manner in which results are proven, it is clear that if
the stability conditions are satisfied then bounds on system outputs or
deviations in system outputs can actually be calculated. If tighter
restrictions are placed on system parameters, then tighter bounds are
obtained. In this sense the margin by which a system satisfies stability

conditions is a measure of "how stable" that system is. Hence, some



feeling can be obtained for the "degree of stability" of a multiple-~

loop system.
Single-Loop System

All stability results obtained prior to this investigation pertain
only to a single-loop system. The results presented here are most closely
related to results presented by Zames [15] and Sandberg [10]. In fact,
it is found for the special ca;e of a single-loop that the multiple~lobp
stability conditions specialize to conditions Zames [15] presents.

From a certain perspective the multiple-loop formulation is no
more general than the single-loop. After all, any multiple-loop system
can be represented as a single loop possessing open-loop elements which
are multiple-input multiple-output. Then the single-loop theory applies.
A disadvantage of this approach is that it tends to hide the influence
the actual structure of the interconnection has on the problem. An
advantage of the single-loop view is that fewer stability conditions
are imposed on the system. However, these conditions are in general

more difficult to verify than ones found from the multiple-loop view.
Qutline

In Chapter 2 some necessary nomenclature is established. Prior
results pertinent to this investigation are discussed in Chapter 3.
In Chapter 4 new results are presented. A detailed description of what
is meant here by a multiple-loop system is given followed by several
stability theorems. Several applications of the theory are presented

in Chapter 5. The conclusion is provided by Chapter 6.



CHAPTER 2: NOTATION

The symbol € denotes set inclusion. Union is denoted by U and
intersection byf). The supremum and maximum are denoted, respectively, by
sup and max. The symbol j is used for V=1 and s always denotes a complex
number with real part o and imaginary part w. The conjugate of a complex
number a is denoted by';. R" denotes an n-dimensional Euclidean space.
For the vectors x,yeRn the notation x < y is used to indicate each compo-

nent of x is less than or equal to the corresponding component of y.

The notation f:X » Y refers to the mapping f from the set X into
the set Y. The notation [(x:A} is interpreted as the set of all x such
that condition A is satisfied. The cartesian product of two spaces is
defined by X * Y = {(x,y):xeX and yeY}.

The identity matrix is denoted by I, a matrix with i,jth element
aij is denoted by [aij], and a diagonal matrix with ith diagonal
element ay is denoted by [diag ai]. The transpose of the matrix A is
denoted by A: and the conjugate-transpose by A*. The positive square
root of t envalue of A A is denoted by E{A}. For a square
matrix A, the determinant is denoted by IA] and the inverse by A—l.

Following the notation of [1], a minor of the matrix A is given by

a PR
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where 1, < 12 <eeae< ip and k, < k2 < esee < kp. The principal minors

1 1

are those for which i, = k, for each j = 1,2,...,p. For anm x m

h| ]

matrix A the successive principal minors are

1 12 12 ....m
A(l) > A(l 2) »oeeees Ay g L, m) .



CHAPTER 3: PREVIOUS RESULTS

Relevant past investigations of stability in‘a functional analysis
gsetting are discussed here. All prior efforts have been directed towards
analysis of single-loop systems. The first result discussed deals with
a system having an open loop composed of a multiple-input multiple-
output linear time-invariant part in cascade with a bank of nonlinear-
ities. For this system Sandberg [10] provides a stability result having
a frequency-domain interpretation. Next some stability results concerned
with boundedness and continuity of a certain pair of functional equations
are discussed. These results which are due to Zames [15] are phrased in
terms of gain and sector conditions. A discussion of several interpreta-
tions of sector conditions concludes this chapter.

There is one detail which should be made clear at the outset. All
results discussed here are posed in such a manner as to separate
questions of existence and uniqueness of solutions from questions of
stability of solutions. This is certainly a logical separation and
means for a stable system that whatever possibly nonunique solutions
exist display the appropriate properties. Existence and uniqueness

can often be established by use of the appropriate fixed point theorem

[31, L4, L7].
A Frequency-Domain Result

Here a stability result is given for the system represented in

Fig. 1. The block L represents a multiple-input multiple-output



linear time-invariant system while the block N represents a bank of

nonlinearities.

nonlinear
g(t) + f£(t) N q(£(t) ,t)

L

linear

Fig. 1. Single-loop system having open loop composed of linear
part in cascade with bank of nonlinearities.

First a suitable space for input and output functions is defined.
Assume the functions to be dealt with are n-vector-valued functions of

time. Consider the space
L, [0,®) = {f:f is measurable and f; fT(t)f(t)dt<w}.
The space desired is the extension of this space given by
En = {f:f is measurable and f; fT(v)f(v)dv<°° for all te[0,=)}.

Now N and L are described further and the system equations given.

N is characterized by a function q:Rn x R+ R where

a(£(0),t) = [ay(£; (1),0),0,(E,(8),0) .0 nsq (£ (8),0) 1

and the q are real-valued functions with the following properties for

each 1i:

(1) qi(O,t) = 0 for all te[0,%).
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q (w,t)
(2) There exist real numbers a and b such that a < ———— < b
w
for all w # 0 and all te[0,%).
3 qi(w(t),t) is a measurable function of t whenever w(t) is

measurable.

L is characterized by an n X n matrix weighting function k(t). It is
assumed each element of this matrix is in Ll[O,WL Then L takes any

input uSLZn[O,”) into an output heLG[O,w) by the integral equation
t
h(t) = f k(t-v)u(v)dv.
0

It is not assumed L is described by an ordinary differential equation.
However, if this is the case it appears at first that initial conditions
can not be accounted for. This is not true because examination of the
block diagram shows the negative of the initial condition response can
be added to g and in this manner included in the analysis. Now the

system equations represented by Fig. 1 are seen to be
g(t) = £(t) + fg k(t=v)q(£(v) ,v)dv.

The following theorem pertains to this system and is a special

case of an abstract result presented by Sandberg [10].

Theorem 1: Let geLG[O,m) and feEn satisfy the system equations.

Define

K(s) = f‘; k(t)e Stdt for o > 0.
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Suppose that

(1) |I +-%(a + b)K(s)l # 0 for 0 > 0, and
) 2(b - a) sup E{[1 + 3(a + B)K(3w) 1K (jw) } < 1.
w

Then feLZn[o,w).l
It is interesting to observe that the a priori restriction of
feEn is tantamount to assuming no finite escape time. The next theorem

is also given in [10].

Theorem 2: Assume the hypotheses of Theorem 1 are satisfied,
g(t) + 0 as t + =, and the elements of k(t) are each in LZ[O,w). Then

£(t) +0as t + =, |

Sandberg shows that for n = 1 conditions (1) and (2) of Theorem 1
admit an interpretation in the complex plane. In [8] it is found that
for b > 0 conditions (1) and (2) are satisfied if one of the following
is true:

(1) For a > 0 the locus of K(jw) for we(-»,*) lies outside

the circle with center (d% (a":L + b—l),O) and rad:i.us%'(aﬂ1 - b—l),

Liv™h,0.

and this locus does not encircle the point (~%(a_
(2) For a = 0 the real part of K(jw) 1s greater than -b-l
for all w.
(3) For a < 0 the locus of K(jw) for we(-~,») is contained
within the circle with center (--fl‘,,:-(a-l + b_l),O) and radius

1,-1 -1

The above are illustrated in Fig. 2 where the locus must lie in the

shaded region for the appropriate condition to be true.



o K(jw)
% 7
/ N
(a)//" ()

Fig. 2. Frequency-domain stability conditions.

(a) a > 0.
(b) a=0.
(¢) a <0,

Now assume n = 1 and the block L is described by the ordinary

differential equation

where the aj and b, are real constants, the superscript denotes the

3

order of the differentiation, and a # 0. Assume there is no general

input to the system so that g is the negative of the initial condition
m

response of L. Further, assume the zeros of the polynomial 2 aisj
=0 -

are strictly in the left half plane. Then by Theorem 2, if a solution

exists, all that is needed to infer £(t) + 0 as t + @ is that K(jw)

satisfy one of the conditions illustrated in Fig. 2 and the nonlinearity
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q satisfy the earlier listed conditions. Here then is an answer to the
often asked question: Under what conditions will the system response
go to zero from arbitrary initial conditions?

There is clearly much similarity between the above and the familiar
Nyquist criterion from the linear theory. In fact, if a = b the above
conditions are identical with the Nyquist criterion. This connection
with the linear theory gives reason to believe that these results are
at least in the right '"ball park".

Further stability results involving frequency-domain conditions
are obtained in [9] for an L, type of stability. Also systems modeled
by difference equations are considered. In [11] results are given
which provide continuity, exponential bounds, and ultimate periodicity

of system responses.
Stability Results Involving Gain and Sector Conditions

Boundedness and continuity results obtained for a certain pair of
functional equations are discussed here. These results presented by
Zames [15] are phrased in terms of gain and sector conditions. First a
suitable space for input and output functions of time is defined.

Then the precise mathematical model used for a system is discussed,

and definitions are given for boundedness and continuity. Finally,
definitions of gain and sector conditions are given and stability theorems
presented.

All input and output functions are real-valued and defined on the

time interval T which is of the form [to,m) or (-»,®), The notion of
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truncation of such functions is employed to define extensions of the

usual spaces of analysis.

Definition: For a real-valued function x defined on T the trunca-

tion at time teT is given by

x(1) for T < t
xt(T) = .
0 fort 2t

Appendix A contains the definition of a normed linear space. The

following definition deals with a special kind of normed linear space.

Definition: X is a space of real-valued functions on T possessing

the following properties:

(1) X is a normed linear space where if xeX the norm of x

is denoted by ||x|

(2) 1If xeX then xteX for all teT.

(3) If x is such that x_eX for all teT, then

&5
N/

[l 25
t

A mnands e
S TR

(b) Lim ||x || is finite if and only if xeX where
tro

lim ||xt|| = ||x|| if x does belong to X.|

£+

Many of the common function spaces satisfy the conditions placed on
X. For instance, these conditions are satisfied by the Lp spaces for
p=1,2,...,%. Appendix A contains a discussion of Lp spaces. From
the viewpoint of applications, the L2 space of square integrable func-

tions and the L_ space of bounded functions are of particular interest.
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Now an extension of the space X is defined which serves as a
suitable space for input and output functions in the stability problem

formulation.

Definition: The extended space Xe is the linear space of real-

valued functions of time each having all finite truncations in X. Thus,

X = {x:x is a real-valued function on T and

e
XtLX for all teT}.

An extended norm is defined for xeX, by [|x|le = ||x|| if xeX and

lelle = o jf x¢X.|

It should be noted that despite the definition of the extended
norm the linear space Xe is not a normed linear space.

Since the extended space contains "explosive'' functions, it becomes
a suitable space for inputs and outputs where X is not. Use of X for
inputs and outputs would require knowing a priori that the system is
not explosive. This would result in assuming stability to prove
stability.

The definition of Xe makes the significance of assumptions (2) and
(3) in the definition of X clear. Assumption (2) guarantees Xe is an
enlargement of X by implying X& Xe' If xEXe then assumption (3) allows

determination of whether or not x has finite norm by examining lim I[xtll.
>0

This fact is crucial to the proofs of stability theorems presented later.
The precise mathematical model of a system employed here is that

of a relation defined below.
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Definition: A relation H on Xe is a subset of the product space
X, *X,. If (x,y)eH then y is said to be an image of x under H and is
often denoted by Hx. The notation Hx(t) refers to the value of an

image of x under H at time t. The domain of H is defined by

Do(H) = {x: there exists a y so that (x,y)eH},

and the range of H is defined by

Ra(H) = {y: there exists an x so that (x,y)eH}.

If A is a subset of Xe’ the image of A under H is defined by
HA = {y: (x,y)eH and xeA } Do(H)}.

Appendix B contains further discussion of relations. If H and K
are relations and ¢ is a real constant, then the sum H + K, the product
cH, and the composition product KH are defined in the usual way.
Further, the inverse relation H—l always exists, and the identity rela-
tion is denoted by I. A relation which is single-valued and has the
entire s

n
e -~y

e

ace ag domain ig termed an operator.

It is interesting to observe that use of Xe in defining a relation
essentially requires the relation to have no finite '"escape time". This
is due to the fact that an output truncated at a finite time must have
a finite norm.

Systems for which it makes sense to speak of initial conditions
can be modeled as a relation in basically two ways. A single relation
can be used which is multiple-valued having each output correspond to
a different initial condition. An alternative is to use a different

relation corresponding to each initial condition. If the system is
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Lincar and described by a set of ordinary differential equations, then
a relation can be utilized to account only for the forced response and
the initial condition response can be simply added to the output.

Now the stability properties of boundedness and continuity are

defined.

Definition: A subset S of Xe is said to be bounded if there
exists a real number D such that if xeS then [|xlle < D. A relation
H on Xe is bounded if the image of every bounded subset of Xe is itself

a bounded subset of Xe'l

Note this definition is stronger than simply saying the image of
each input of finite norm is itself of finite norm. In the latter
case it might be possible to have a sequence X ,0 = 1,2,..., with

llxnll = 1 and lIHxnll = n for each n.

Definition: A relation H on Xe is continuous if for each € > 0
there exists a § > 0 such that if xeDo(H), yeDo(H), and flx—y[]e <8

then I]Hx—HyI[e < el

It is interesting to observe that x-y can have a finite norm
even if x and y both have infinite norms. This leads to the fact that
for a continuous relation explosive inputs which are arbitrarily "close
to each other lead to outputs which are also arbitrarily "close" to
each other. It is also interesting to observe that continuity is
incompatible with the jump phenomenon. Further it should be noted

that a continuous relation must be single-~valued.
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In[15] Zames investigates boundedness and continuity of the single-

loop system illustrated in Fig. 3.

this system are

[
Il

1 1

o
il

2 a2x + w2 + y1

= Hey

H,.e

Y2 = 5%

where it 1s assumed that:

H, and H

1 2 are relations on Xe.

x in Xe is an input.

a, and a, are real constants.

1 2

and w

Y1 2

are fixed biases in X.

e,, € and all in X_ are
1° 2° yl, yz ii Ae are

The functional equations describing

a,x + wl + Y,

(1)

Fig. 3.

Block diagram of single-loop system.
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For stability purposes interest is focused on the relations which
connect the input x to each of the outputs €15 €5 ¥q and Yo+ These
relations are designated by El’ E2, Fl and FZ’ respectively. E1 is

defined by

E, = {(x,e ):(x,el)exe X X, and there exists e,, ¥, ¥,»

Hlel’ and Hze2 such that (1) is true}.

The relations E2’ Fl, and F2 are similarly defined.

From earlier discussion it is seen that the biases wy and w, can
be used to account for initial condition responses.

At this point it is interesting to observe how the use of a rela-
tion as the basic system model makes it possible to avoid questions of

existence and uniqueness of solutions. Examining E., for instance, it

1’

ig clear the domain of E. is not required to be the entire Xe space.

1
Hence, it is not required that there exist a solution corresponding
to each inbut. Further, for an input x which is in the domain of El’

it is not required the corresponding e, be unique.

1
Certainly in most problems it is desired that there exist unique
solutions. However, it may be extremely difficult to mathematically
determine this. By formulating the problem in terms of relations this
poses no difficulty for the stability amalysis. This sort of situation
occurs, for instance, if the relation HZ is a hysterises nonlinearity
and the realtion Hl is linear, time-invariant, and modeled by a set of

ordinary differential equations,
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Another reasonable approach to the stability problem is to use an
operator as the basic system model. Since an operator is single-valued
and has the entire Xe space as domain, this approach requires the a
priori assumption of existence of unique solutions.

Now the notion of gain is made precise for a relation.

Definition: For a relation H with all (Hx)t = 0 whenever X, = 0,

x€Do(H), and teT, the gain is defined by

|| () ||
g(d) = suyp —————

1]

where the supremum is taken over all xeDo(H), all HxeRa(H), and all

teT for which x_ # 0. |

The following inequalities are obtained directly from the defini-

tion of gain and are crucial to proofs of stability theorems:
||(Hx)t|l < g(H) llxtll for xeDo(H) and teT,
| Jux] ] < g(H) ||x||e for xeDo(H).

The second follows from the first on letting t + <.
Now a theorem proven by Zames [15]1 which provides boundedness

conditions for the single loop system is presented.

Theorem 3: The relations E E2, F,, and F2 associated with the
oL

1’
single-loop system are bounded if g(Hl)g(Hz) < 1.]
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The incremental counterpart of the definition of gain is supplied

by the following definition.

Definition: For a relation H with all (Hx—Hy)t = 0 whenever

(x—y)t = 0, x and yeDo(H), and teT, the incremental gain is defined by

|| (Hx-ty) ||

=N

é(H) = sup

where the supremum is taken over all x,yeDo(H), all Hx,HyeRa(H), and

all teT for which (x—y)t # O.I

The following inequalities similar to those for the nonincremental

case are satisfied:
|| (ax-Hy) || < () |}(x-y) || for x and yeDo(H) and teT,
| |Bx-Hy| |, < 8@ ||x-y||_ for x and yeDo(H).

Now a continuity theorem given in [15] is presented.

Theorem 4: The relations E E2’ Fl’ and F, associated with the

1 2
single-loop system are continuous if é(Hl)é(Hz) < l.l

It is often true that the problem can be presented in such a manner

that zero is in the domains of both Hl and H2

zero under both relations. In this situation the condition of Theorem 4

and has a unique image of

is also sufficient for boundedness. This is seen by setting y = 0 in
the definition of incremental gain. Then it is clear that é(Hl)é(Hz) <1

implies g(Hl)g(HZ) < 1.
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A certain transformation of the single-loop system results in a
significant generalization of Theorems 3 and 4. It is found many more
systems can be examined than at first appears possible. The effect of
the transformation on stability conditions is to change them from gain
restrictions to conicity restrictions. Following is the definition of

a conic relation.

Definition: A relation H on Xe is interior conic with center

parameter ¢ and radius parameter r > 0 if
[ i) -ex || < o] [,

for all xeDo(H), all HxeRa(H), and all teT. H is exterior conic with
center parameter c and radius parameter r > Q0 if the above inequality

is reversed.|

If X is an inner product space another notation defined below can
be employed to specify the nature of a conic relation. The definition

o . e el memmaa 4 e mfeenes 4 -
of au inner product space is given in Appen

Definition: Assume H is a relation on the extension of an inner

product space. H is inside the sector {a,b} if a < b and
<(Hx)t - ax, (Hx)t - bxt> <0

for all xeDo(H), HxeRa(H), and teT. H is outside the sector {a,b}

if the inequality is reversed. |

For the special case of an inner product space the specific corres-

pondence between conicity conditions and sector conditions is indicated
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by the following two statements. A relation H is interior (exterior)
conic with center parameter c and radius parameter r if H is inside
(outside) the sector {c-r, ct+r}. Conversely, a relation H is inside
(outside) the sector {a,b} if H is interior (exterior) conic with
1 1

center parameter E(a+b) and radius parameter E(b—a).

It is of interest to consider the situation where b goes to
infinity in the definition of a sector. For a = 0 this limiting case

is covered by the following definition of positivity.

Definition: A relation H on the extension of an inner product

space is positive if
<xt,(Hx)t> >0
for all xeDo(H), all HxeRa(H), and all tsT.l

An incremental counterpart for each of the three preceding

definitions is provided by the following definitions.

Definition: A relation H on Xe is incrementally interior conic

with center parameter c and radius parameter r > 0 if

|| (x-ty) | = ex=y) || < =] | x-9) ||

for all x,yeDo(H), all Hx,HyeRa(H), and all teT. H is incrementally
exterior conic wiith center parameter ¢ and radius parameter r > 0

if the above inequality is reversed. |

Definition: Assume H is a relation on the extension of an inner pro-

duct space. H is incrementally inside the sector {a,b} if a < b and
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<(Hx—Hy)t - a(x—y)t, (Hx—Hy)t - b(x-y)t> <0

for all x,yeDo(H), all Hx,HyeRa(H), and all teT. H is incrementally

outside the sector {a,b} if the above inequality is reversed. |

Definition: Assume H is a relation on the extension of an inner

product space. H is incrementally positive if
<(x-y),, (Hx-Hy) > > 0
for all x,yeDo(H), all Hx,HyeRa(H), and all teT.|

It is easily found that for the special case of an inner product
space the same type of correspondence exists between the incremental
versions of conicity and sector conditions as for the nonincremental
versions.

Now two theorems are presented which provide sufficient boundedness

and continuity conditions phrased in terms of sector conditionms.

Theorem 5: Let the open-loop relations Hl and H2

loop system be conic. Suppose for constants y and ¢ where one is

of the single-

positive and one is zero that
(1) -H, is inside the sector {a+y, b-y} where b > 0, and
2
(2) H, satisfies one of the following conditions:
1 g

Case la: If a > 0 then H, 1s cutside the sector

1
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Case 1b: If a < 0 then Hl is inside the sector

1 1
=+ €,y —'a""'E}-

{‘b

Case 2: If a = 0 then H, + (% - ¢)I is positive

1

and 1f y = 0 then g(Hl) < @,

Then the relations El’ E2, Fl, and F2 associated with the single-

loop system are each bounded.l

Theorem 6: Suppose all hypotheses of Theorem 5 are replaced by
their incremental counterparts. Then the relatioms El’ E2, Fl’ and F2

associated with the single-loop system are each continuous.l

For the special case of an inner product space it is easily found
that the gain theorems can be obtained from the sector theorems. To
show this assume g(Hl)g(Hz) < 1. Theorem 5 can be utilized to find
boundedness is implied. In this manner the results of Theorem 3 are

obtained. First note that from

II(Hlx)tll_g g(Hl) llxtll for all xeDo(Hl), all H xeRa(Hl), and

1

all teT

it is inferred that H, is interior conic with center parameter zero

1
and radius parameter g(Hl). Now this implies H, is inside {-g(H,),
g(Hl)}. Similarly it is found that -H, is inside {-g(H,), B(HZ)}.
Now define € by € = L __ g(Hl). € 1s positive since g(Hl)g(Hz) <1,

s(Hz)
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This results in H1 being inside {- Ez%;$i+ €, E?%ZT - €}. But setting

Y = 0 in Theorem 5, it is seen from Case 1lb that the relations El’ EZ’

Fl’ and F

similar reasoning it is found that Theorem 4 can be obtained from

2 associated with the single-loop system are bounded. Using

Theorem 6.
Interpretations of Sector Conditions

Several interpretations of sector conditions for particular types
of relations are available. Here some results presented by Zames [15],
[16] are discussed. For a certain class of linear time-invariant opera-
tors on LZeEO,W) it is found sector conditions cén be phrased in terms
of conditions imposed on the Nyquist diagram. In general, for any rela-
tion on Lze[O,w), it is found certain conditions having an interpreta-
tion in the output versus input plane are sufficient for satisfaction
of sector conditions. These conditions referred to as instantaneous
sector conditions find particular application to memoryless nonlinear-
ities, nonlinearities which are time varying, and hysteresis nonlinear-
ities.

First consider the class of linear time-invariant operators defined

below.

Definition: Q is the class of operators on Lze[O,w) satisfying an

equation of the type

Hx(t) = hx(t) + [° h(t=v)x(v)dv
0
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where h_ is a constant, the impulse response hsLl[O,m), and for some

-0 t
Oo < 0 the function h(t)e ‘o lies in LlLO,w).l

The Laplace transform of members of Q provides the means by which

scetor conditions can be interpreted in the complex plane.
Definition: The Laplace transform H(s) of HeQ is given by
—_— o -3t
H(s) = h + f h(t)e “"dt for o > 0.]
0

Of course any linear time-invariant system modeled by a set of
ordinary differential equations possesses a Laplace transform as defined
above., Further, this is regardless of whether or not the impulsc
response lies in LlLO,w), but the transform may not be defined for all
0> 0. It is ensily found that such a system has a corresponding inte-
gral equation in the class Q 1f and only if the poles of the Laplace
transform lie strictly in the left half complex plane.

The following lemma proven in [16] phrases sector conditions in

terms of the behav

vyior of the Nyquigt diagram in rhe complex plane.

Definition: The Nyquist diagram of HeQ is the locus of H(jw)

for we(—w,W).]

Lemma 1l: Let H be an operator in Q and let c and r > O be
constants.

(1) If H(s) satisfies the inequality

[H(w) - ¢| < r for all we(-»,=),
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then H is incrementally interior conic with center
parameter ¢ and radius parameter r.

(2) 1f H(s) satisfies the inequality
[H(jw) - c| >r for all we(-%,)

and if the Nyquist diagram of H does not encircle
the point (c,0), then H is incrementally exterior
conic with center parameter c¢ and radius parameter
r.
3) 1If Re{ﬁkjm)} > 0 for all we(-»,«), then H is incrementally

positive.l

Due to the linearity of relations in Q, the incremental and non-
incremental sector conditions become equivalent. Hence, Lemma 1 is
true in the nonincremental case alss.

Now sector conditions are given an interpretation in the output
versus input plane through the following definition of instantaneous

sector conditions.

Definition: Assume H is a relation on LZe[O,“). Each of the
following must be true for all xeDo(H), all HxeRa(H), and all teT.

(1) H is instantaneously inside the sector {a,b} if

Hx(t) <
x(t) —

Hx(t) = 0 whenever x(t) = 0 and if a <

x(t) # 0.
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(2) H is instantaneously outside the sector {a,b} if

a < b and either'——%g% < a or —E%%% > b for x(t) # O.

(3) H is instantaneously positive if x(t)Hx(t) > 0.]

A graphical representation of the above conditions is provided

by Fig. 4. It is easily seen that if the point (x(t), Hx(t)) always

lies in the appropriate shaded region of the plane then the appropriate
instantaneous sector condition is satisfied.

0f particular interest here is the memoryless nonlinearity defined

below.

\\\\\\\\
(b) (c)

NANNNNE

Fig. 4. Interpretation of sector conditions in output
versus input plane.

{(a) 1Inside {a,b}.
(b) Outside {a,b}.

(c) Positive,
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Definition: A relation H on Xe is memoryless if there exists a
real-valued function N such that the equation Hx(t) = N[x(t)] is

always satisfied.l

If N is a function of t also, then a time-varying nonlinearity
results. Further, a hysterisis nonlinearity can be thougﬁt of as
corresponding to a multiple-valued N. The above nonlinearities lend
themselves particularly well to analysis in terms of instantaneous
sector conditions.

The following lemma establishes the usefulness of the instanta-

neous conditions.

Lemma 2: If the relation H on L2e[0,w) is instantaneously inside
(outside) the sector {a,b}, then H is inside (outside) the sector {a,b}.
Also, an instantaneously positive relation is positive. Further, the

converse of the above is true for a memoryless relation. |

Incremental counterparts to the instantaneous sector conditions

are provided by the following definition.

Definition: Assume H is a relation on Lze[O,”). Each of the
following statements must be true for all x,yeDo(H), all Hx,HyeRa(H),
and all teT.

(1) H is instentaneously incrementally inside the

sector {a,b} if Hx(t) = Hy(t) whenever x(t) = y(t)

and if a 5;E§%§%E§%é§l.i b for x(t) # y(t).
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(2) H is instantaneously incrementally outside the sector

Hx() Ry () Hx(£) Hy (£)
{a,b} if a < b and either 2 (O) oy (0) <2 °F %(6)=y(t)

> b for x(t) # y(t).
(3) H is instantaneously incrementally positive if

[x(t) - y(t)I[Hx(t) - Hy(t)]1 > 0.|

For a memoryless relation H on Lze[O,w), Fig. 5 provides an illus-

tration of (1) and (2) above.

It is easily shown that H is instantaneously incrementally inside

the sector {a,b} if for each point P of the graph of N the rest of the

N(x)
. \§§

}Q;;§37 X \Q§\ X
N N

N(x)

(a) (b)

Fig. 5. Incremental sector conditions in output versus
input plane,

(a) Incrementally inside {a,b}.

(b) Incrementally outside {a,bl.
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graph lies in the shaded region of the figure. Clearly if N is differ-
entiable this is equivalent to requiring a i_é%é&l.i b for all x.
Similarly to the above, H is instantaneously incrementally outside the
sector {a,b} 1f for each point P of the graph of N the rest of the graph
lies in the shaded region of the figure. Finally H is instantaneously
incrementally positive if N is a nondecreasing function;

The following lemma is the incremental counterpart of Lemma 2.

Lemma 3: If all conditions of Lemma 2 are replaced by their

incremental counterparts, then the lemma remains true.|

The interpretations of sector conditions presented here result in
a frequency-domain stability condition for a single-loop having an cpen
loop composed of a linear relation in Q and a time-varying nonlinearity.
By using Lemmas 1 and 2 in conjunction with Theorem 5, it is easily
seen that essentially the same result is obtained as cited earlier due
to Sandberg for the n = 1 case. In [16] Zames utilizes this result
with 2 certain transformation to obtain the familiar Papov stability

conditions. Further, these results can be extended to L -stability

(141].



33
CHAPTER 4: MAIN RESULTS

New stability results obtained in a functional analysis setting are
presented here. Specifically, conditions sufficient to guarantee
boundedness and continuity of a multiple-loop nonlinear time-varying
system are derived. First a precise mathematical model of a multiple-
loop system is given in the form of a particular interconnection of
relations. Then a boundedness theorem is presented which involves the
interconnection structure and the gains of the relations interconnected.
Next a particular transformation of a multiple-loop system is discussed.
This leads to a generalization of boundedness results by allowing gain
conditions to be replaced by sector conditions. Then a set of conditions
are given which guarantee boundedness of a single~loop system. A system
satisfying these conditions is referred to as having a margin of bound-
edness 8. It is found these conditions are useful for the analysis of
multiple~loop systems. This chapter is concluded by presentation of
continuity results obtained through application of boundedness results

to a special system.
System Configuration

A portion of the block diagram of a multiple-loop system is shown

in Fig. 6. The purpose of this figure is to indicate a multiple-loop

Fh

system 1s an interconnection o

of a general system input a,x plus a fixed blas w, plus a weighted sum

i

of outputs of other relations.

i
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i Yi
—a H =
i
41
bj1
+ 5 Y2
312 e} —
3 . )
¢ : :
+ ) .
bim = =
aix + wi

Fig. 6. Multiple-loop system.

In mathematical terms the model of a multipie-icop system is
provided by the set of m simultaneous functional equations
m

e; = a;x + LA + jil bijyj for i

1,2,...,m (2a)

]
o o
1]

for i = 1,2,...,m (2b)

where the following are true:
Each Hi is a relation on Xe'

xexe is the system input.
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Each a, is a constant.

i
Each wi is a fixed bias in X.
Each bij is a constant..
Each eiexe is a system output.

Each y.eX 1is a system output.
i7e y

It should be noted that just as in the case of a single-loop system the
bias terms can be used to account for initial condition responses.
For purposes of stability investigations attention is focused on

relations which connect the input x with each of the outputs. Ei

connects x with e and F, connects x with Yie More precisely for

i
i=1,2,...,m

Ei = {(x,ei):(x,ei)exexxe and there exist ej for all j # i,

for all j, and H,e, for all j all in Xe such

73 373

that equations (2) are satisfied}

and

F, = {(x,yi):(x,yi)exe X X, and there exist e, for all j,

3

for all j # 1, and H,e, for all j all in Xe such

Yy 3%

that equations (2) are satisfied}.
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A Gain Result

The following theorem gives sufficient conditions for boundedness

of a multiple-loop system.

Theorem 7: All relations Ei and Fi associated with the multiple-
loop system (2) are bounded if g(Hi) < » for all i and the successive

principal minors of the matrix
I -1L[]b H
Clbyle@,)]
are all positive.|

Remark 1: Gain enters into the proof of Theorem 7 only through
the inequality Il(Hix)tII-i g(Hi)letll’ Hence, it might as well be
assumed that each Hi is conic with center parameter zero and radius
parameter r,. If X is an inner product space, this is equivalent to
Hi being inside the sector {-ri,ri}. In this situation the boundedness
condition would be the successive principle minors of I - [|bijlrj]

are all positive.]

Proof of Theorem 7: It is sufficient to show that each relation

Ei is bounded since this implies each relation Fi is also bounded.

This follows from

and the condition that g(Hi) < @, Clearly Fi is bounded if Ei is

bounded.
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Now boundedness of E, is established for each i. Let x, e,, y.,
i i i

and Hie be functions in Xe for each i which satisfy equations (2).

i

Truncate equations (2a) at tel giving for each i

Noting all truncated functions lie in X, it is found that for each i

m
lege 115 lagl e 11+ oy 1+ 2 oyl syl

From the definition of gain,

m
legel 1 To el + g, 11+ 3 oy st eyl

Now translate this into matrix notation by using the following defini-

tions:

c= Cleg 1 Heg ll veees e, 1T,

o
it

] ' I3 |

Ulagls lagly «eves la |37,

=
]

€
I

t'— [Ilwltlls Ilwztll’ eceey HW
Then for all teT
This gives

(- ooy le@) e, < [lx ] + v
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Now clearly if {I - [|bijlg(Hj)]}_l exists and has all of its elements

nonnegative, then for all teT

e < {1 - Ly, lgc y1rL tllx || +w,}.

t 3

It is shown in Appendix B that the hypotheses of the theorem are
sufficient to guarantee this. It follows that there exist constants
fi'z 0 and kij > 0 such that for each i and for all teT

m
ey Il < g5 11, 1] + z LI E

Now assume x belongs to a bounded subset of Xe. Since each wiex
and since Ileitll’ ||xt||, and ‘letll are all nondecreasing functions

of t, letting t -+ « for each i implies

m
Heill ifillxll +j§'-l kijllell'

Since the w5 are fixed and since there exists a constant D such that

||x|| < D, it is clear that each relation E, is bounded. |

A system composed of a single loop of m relations in cascade is a
special case of a multiple-~loop system. Theorem 7 provides interesting
boundedness conditions for such a system. The B matrix is founded to

be of the form
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Im
b21 0 . .« v e s 0 0
B = 0 b32 . .« e e 0 0
| 0 0 bm’m_1 0 | -

From this it follows that

1 0 c e 0 —Iblmlg(Hm)
~|b,; () 1 Ce e 0 .
I- [lbijlg(l-lj)] = 0 ~|by,let,) .. . 0 0
L 0 0 —lbm,m-llg(Hm—l) 1

It ig

1

asily found the first m~l1 successive principal minors of the
above matrix are each unity. The boundedness condition which comes

from the last successive principal minor is
1Dy 8 by [8CH)) by [ vy, i l(H) < 1.

Hence, it is found even for a single loop of several relatiomns that an
open loop gain product less than unity implies boundedness. Certainly
Theorem 3 of Chapter 3 is a special case of the above.

It is worth-while to note from the proof of Theorem 7 that specific
bounds on system outputs can be found in terms of a bound on the system
input x. Hence, if quantitative information is desired the theory is

capable of providing it.
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For a system found to be bounded from Theorem 7, it is seen the
system remaining after removal of any relation Hi is also bounded. To
show this assume the hypotheses of Theorem 7 are satisfied. From
Theorem 11, stated in Appendix C, it is implied that all principal

minors of the matrix I - []bij]g(H )] are positive. Now removal of

3
the ith relation is equivalent to deletion of the ith row and column of
this matrix. But this leaves a matrix which has all principal minors
positive. Hence, the system with the ith relation removed is also
bounded by Theorem 7.

In certain situations it 1s desired that stability be retained
even if part of the system is disconnected. For such situations
Theorem 7 is particularly well adapted. However, it would obviously

be useless to try and use this theorem directly in the design of feed-

back compensation.

Transforming the System

A S oo oo L2 s o S d
A LTandidtmdacaldni ©

ple-loop gyatem ig discussed here which
allows Theorem 7 to find much wider application than at first appears
possible. From Remark 1 it is seen if X is an inner product space that
boundedness conditions obtained from Theorem 7 require each Hi to be
inside a symmetric sector {-ri, ri}. Through a transformation a bounded-
ness theorem can be derived having hypotheses which require each Hi

either to be inside or outside a particular sector. Clearly the latter

boundedness results encompass a wider variety of situations.
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The basic approach employed here is to develop a transformed
system of the same form as (2) having a set of solutions which contains
the set of solutions of (2). Then boundedness of the transformed
system implies boundedness of system (2). It is then found if an
appropriate sector condition is satisfied by each Hi that the condi-
tions of Theorem 7 are satisfied for the transformed system. These
sector conditions then guarantee boundedness of the set of equations
(2).

Now equations (2a) are placed in a matrix format by making the

following definitions:
e = [el, €ys eeees em] .

a= [al, By eeees am] ,

w={w,, w W JT

L 1’ 2% °* > Ynt

T

y =Ly yp5 e v 17,
B = [bij]'

e = ax + w + By, (2a)

y. = H,e, fori=1, 2, ...., m. (2b)

Now the equations of a multiple-loop system referred to as the
transformed system are given. First let A and C be disjoint subsets

of the real line such that AU C = {1, 2, ...., m}. Then for eact
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ieA UC pick constants di and c; such that di=0 if ifA and c; = 0 if

ifC. Next define the relation Hi' by

H, + d,T if ieA
H.' =
(Hi'1 + ciI)'1 if ieCc | .

Now assume the inverse of the matrix I + BLdiagdi] exists and make the

following definitions:

' = (I + Bldiag di])_la,

[\
n

w' = (I + Bldiag diJ)'lw,

=
It

(1 + Bldiag d,D™"(B + [diag c,]),

' S ' 14T
= Lel » € s ceees € 1,

1]
]

. . . T
y =Lyl" yZ’ ceeey ym’] .

The equations of the transformed system corresponding to the system

modeled by equations (2) are then given by the following:
e'=a'x+w'+B'y', (3a)
y.' = Hi'ei' for i=1, 2, ...., m. (3b)

Clearly these equations are of the same form as equations (2).
Now assume x, e., y., and H,e. are functions in X for each i
i i 171 e
such that equations (2) are satisfied. It is shown now that this

solution for equations (2) can be used to find a solution for equations

(3). Imagine placing a feedback of —ciI or a feed-forward of diI



43

around each relation Hi in Fig. 6. This is illustrated in Fig. 7. By
using standard block diagram manipulations to adjust the interconnection,

essentially the same system is retained.

Fr— - - == =7 'I' ______ 7 '
e.' e, v, y.' e, e, Y: + | ¥
i : + _-1 B, i o :_-__1 i : 4ﬂF’L1-. o i = i
| | | I
[ | l I
[ | | I
| c,I ' | I Y § |
L - - - -~ — | U |
(a) (b)
Fig. 7. Feedback and feed-forward around relations of Fig. 6.
(a) ieC.
(b) ieA.

Now the primed inputs and outputs of the single-loop systems of Fig. 7

are shown to satisfy equations (3). Specifically, these primed inputs

and outputs are defined by the equations e ' = e, + c,y, andy ' =
Yy + diei for each 1. 1In a matrix format this becomes

e' 1 [diag ci] e

y'| = |ldiag d,] I y .

Multiplication by the inverse matrix gives both e and y in terms of

e' and y' through the equation

e I ~[diag ci] e

y -[diag di] I y' .
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Substituting for e and y in equation (2a) gives the equation
e' - [diag ci]y' = ax + w + B(~[diag di]e' +y").
After rearranging this equation, it is found
(I + Bldiag di])e' = ax + w + (B + [diag ci])y'.
Multiplication by (I + Bldiag dij)-l gives
e' =a'x+w' +B'y'.

Hence, (3a) is satisfied.

Now assume icA. Then yi' =y, + d,e, = H,e, + die Thus, there

i1 i7i i’
T = -
exists (Hi + diI)ei such that ¥4 (Hi + diI)ei' Since Hi Hi + diI
' 151 - 1y ! :
and e e there exists Hi e such that Yy Hi e . For this

situation then (3b) is satisfied.

] = = ' - -
Now assume ieC. Then vy Hiei Hi(ei ciyi). This implies
_1 -1 - | . ‘
there exists Hi Yy such that Hi PR AT This means there
exists (H._1 + ¢.I)y. such that (H_,—l + ¢,I)y, = e,'. But this in
2 A -1 1 L N L
turn implies there exists (Hi_l + ciI)_lei' such that (Hi-1 + ciI)—lei' =

1

- -1
' - ' o
Yy Since Hy (Hi + ciI) and Yy yi» it is then known there

exists Hi'ei' such that yi' = Hi'ei'. Thus, (3b) is also satisfied in
this situation.

Hence, it has been shown that for each solution of equations (2)
there is a corresponding solution of equations (3). In this sense the
set of solutions of (2) is a subset of the set of solutions of (3).

From this it is deduced that boundedness of the multiple-loop trans-

formed system (3) implies boundedness of the multiple-loop system (2).
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Using the obvious definitions for the relations Ei' and Fi' associated

1
1 and Fi is bounded.

- Let x belong to a bounded subset of xe, and let x, ey ¥yo and Hiei be

functions in Xe for each i which satisfy equations (2). There exists a

with the multiple~loop system (3), assume each E

= 'V =
solution of equations (3) with e; e, + ey, and ' 4 + die

i i’

= r ' = | S '
This leads to the equations e, =€ ci¥y and Yy Ty diei « But
|}

ei and yi' belong to bounded subsets of Xe for each i. Hence,

Hey Il < Hey "I+ eyl Hyy "I and [ly 1T < [y "1+ Tagl [ley[]-
From this it is clear each Ei and Fi associated with the multiple-loop
system (2) is bounded.

The following example illustrates the transformation through the

use of block diagrams.

Example 1: A multiple-loop system comprised of three relations is
shown in Fig. 8. The transformed system is represented in Fig. 9 where
the primed blocks can be envisioned in terms of the single-loop systems
shown.

The constants C3» dl’ and d2 are set equal to zero. The B matrix

is given by
0 by Byg
B = b21 0 b23
by by, O .

This results in



Fig. 8. Multiple-loop system of Example 1.
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Fig. 9.

H y ,
_ g 4!
_—
clI
i,
4+ € y
_ H? y2
=i
c21 .
2
e Yy
H
3 Yq
g +
d,I )
3
a3x + w3
+
‘ b32 .-
(a3-b23d3a3)x + (w3-b23d3w3)
+t Bo1 = Po3dsPy  fe
e
¢, - b,.d.b j
+ 3 23-2°32
| b
| 23 |
(al-bl3d3a3)x + (wl-b13d3w3)
| ¢37by3dqbqy =
byy=byqd b, [~
b13 -

Transformed system for Example 1.
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1393
_1_
(1+Bldlagd, D™ = [ 0 1 ~by4ds
0 0 1
Hence,
1 0 -byydqg) |3y a,7b;4d524
| - - -— -
a'= | o 1 -by.d,| |a, a,7b,3d3a,
i i L°] ! 1
Wy=by 3d4Wyg
L. -
v o= Wy—byqdgwy
W3 ’
and
r -y
10 -bjqdy rcl bja  by3
| . - =
B'= 10 1 -byydy by ¢ D)3
E o 1 | by by O
[ . - b..d.b b.. - b..d.b b.. ]
€1 7 P13%3°31 12 ~ P13%3°32 13
byy = bygdgbgy €y ~ byadgbgy  byg
] P31 P32 0 |
A | T | -1
Also, of course, Hl = (Hl + ClI) , Hz = (H2 + czl) , and

H3' = H3 + d31. An examination of the two figures shows one can be

obtained from the other by standard block diagram manipulatiomns.
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A Secter Result

For purposcs of convenience slightly different notation is used
here when specifying the nature of a conic relation. The incremental

counterpart of this notation is obvious.

Definition: A relation H is conic with constants (a,b) if for
a < b the relation is inside {a,b} and for a > b the relation is out-

side {b,a}.]

The following theorem guarantees boundedness of a multiple-loop
system (2) if certain sector conditions are satisfied. Note X is

assumed to be an inner product space.

Theorem 8: Suppose for each i that Hi is conic with constants
(ai’bi) where a; # bi' Let A and C be disjoint subsets of the real

line such that AUC = {1,2,....,m}. Define the constants d

1 e s
‘ /-Z(bi+ai) if J.EA\

4y
\ 0 if ieC j

i and c; by

and

0 if ieA
€y T b, + a,
—( Zb.ia.‘. ) if ieC

\

Let the matrix B' be specified by

B' = [by,'] = (I +Bldiag a, DM + [diag c,])
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where it is assumed the indicated inverse exists. Further, define

n; > 0 by
1 A
E‘(bi - ai) if ieA
b - (Zbial) if 1eC
bi—a J :

Now if the successive principal minors of the matrix
I -10[ib,.’
Clby |nj]

are all positive then all relations Ei and Fi associated with the

multiple-loop system (2) are bounded. |

Remark 2: The limiting cases for ieC of bi *> ®or a; > - can

be rigorously dealt with as explained in Appendix D. For bi + @ the

theorem remains true if the hypotheses are changed to read Hi - aiI

and n; are changed to c; = =35

-+ -= the hypotheses are changed to

is positive and the definitions of cy

and n; = —Zai. Similarly for a,

-Hi + biI is positive and the definitions of ¢

and ni = 2b

and ng become ¢, = - 5T

i i 2b

i'
Proof of Theorem 8: Consider the transformed system (3) associated

with system (2) for the constants d, and ¢y defined in Theorem 8. It is

i
shown in Appendix C that the relation H, being conic with constants
(ai, bi) for each i is sufficient to guarantee Hi' is inside {-ni,ni}.

The equations of the transformed system are of the same form as equations

(2). Also, from the definition of w', it is seen that since wieX for
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all i that w,'eX for all i. Hence, applying Theorem 7, the transformed
i

system is found to be bounded since the successive principal minors of

1- [lbij'lrﬁj are all positive. But this implies system (2) is

bounded.|

The restriction in the theorem that ny > 0 imposes interesting

constraints on a; and bi' For iecA it is implied that a; < bi' If ieC,
then either ay < 0 or bi > 0. Within this constraint all situatioms
are acceptable except for bi 2 a; > 0 and a; < bi < 0. This is illus-

trated in Fig. 10 for the special case of instantaneous sector condi-
tions discussed in Chapter 3.

An illustration of Theorem 8 is provided by considering a multiple-
loop system formed from the interconnectipn of linear time-invariant
operators in Q with time-varying nonlinearities. If boundedness condi-
tions are available from Theorem 8, they take the form of conicity re-
quirements on the operators in Q and the time-varying nonlinearities.
Under these conicity conditions inputs from a bounded subset of the L2
space correspond to outputs in bounded subsets of the L2 space. Assume

the ith time~varying nonlinearity is a relation H, on L2e[0,w) which

i
satisfies the equation Hix(t) = Ni[x(t),t] W'here‘Ni is a real-valued

function. Then, assuming ieA, the conicity requirement that Hi be

conic with constants (ai’bi) is satisfied if the following instantaneous

conditions are true:

Ni(x,t)

1 < for all x # 0 and all te[0,x),

a <b

i

Ni(O,t) = 0 for all te[0,x).
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(a) (b)

imposed by Theorem 8. .

(a) Typical if ieA. (c) Never possible if ieC.

(b) Never possible if ieC. (d) Never possible for any 1i.

This follows from Lemma 2 of Chapter 3. The conicity requirements on
the operators in Q are given an interpretation in the complex plane by
Lemma 1 of Chapter 3. The ith linear time-invariant operator 1s conic
with constants (ai’bi) if one of the following is true:

(1) For a, < b, the Nyquist diagram of the operator

i i
lies inside the circle in the complex plane which
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intersects the real axis at the points (ai,O) and
(bi,O).

(2) For a; > bi the Nyquist diagram lies outside the
circle in the complex plane which intersects the
real axis at the points (bi,O) and (ai,O). Further,
the Nyquist diagram does not encircle the point
G, +a,),0).

The above stability results and those of Theorem 1 due to Sandberg
apply to the same general type of system. However, the problem formula-
tion is different since the system dealt with in Theorem 1 is cast in
the form of a single loop. Despite this, the only significant differ-
ence between the results is in the conditions placed on the linear time-
invariant parts. In Theorem 1 a single condition is given involving
the supremum over w of the positive square root of the maximum eigenvalue
of a matrix which is a function of w. Using Theorem 8 results in
several conditions involving Nyquist diagrams. This illustrates the
fact that a single-loop approach as compared with a multiple-loop
approach results in fewer stability conditions which are in general
more difficult to verify.

As for Theorem 7, satisfaction of the conditions of Theorem 8
allows specific bounds on system outputs to be found in terms of a
bound on the input., This is seen by assuming the conditions of
Theorem 8 are satisfied and referring to the discussion of the trans-
formation employed in the proof of the theorem. For each solution

of (2) there exists a corresponding primed solution of the appropriate



system (3). Assume xeX. Then it is known llei|| 5_]|ei'|| +
|ci! ||yi']l. Since H ' is imnside {-n ,nl}, it is found Hyi'll =
||Hi'e£|| i_ni||ei'||. This leads to Ileill < (1+ |ci|ni)||ei'||.

Now the conditions of Theorem 7 are satisfied for system (3). Thus,
from the latter portion of the proof of Theorem 7, it is seen con-

stants fj' -~ 0 and kij' > 0 can be calculated such that

m

el = @+ Je fndE " xl] + jil SR

Similarly, it is found a bound on 'lyi|! can be found in terms of lell.
The theory is found to be capable of providing a feeling for the
"degree of stability" possessed by a system. Assuming first that the
conditions of Theorem 8 are satisfied, it is clear that making re-
strictions on system parameters more stringent results in tighter
bounds on system responses. In this sense the margin by which bounded-

ness conditions are satisfied is a mcasure of "how stable" a system is.
A Margin of Boundedness §

The following defines a condition on a single-loop system which is
later found to be helpful in the application of Theorem 8 to multiple-

loop systems.

Definition: The single-loop system (1) possessing open-loop rela-
tions Hl and H2 has a margin of boundedness ¢ if one of the following

is true for some () < § < 1:
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Case la: Hl is conic with constants (a,b) where b < a < 0,

and -H2 1s inside the sector

1 _  b-ay _ 1, ,b-a
- b~ G(Zba)’ T a + G(Zba)}'
Case 1lb: H, is conic with constants (a,b) where a < Q0 and

1

b > 0. Further, —H2 is inside the seétor

1

b-a 1
{—'E - G(Zba)’ -

b~a
S+ 6(53;)}.

Case 2: Hl - al is positive where a < 0, and -H, is inside

2

L

the sector {- G(Za ,

1 1
- ;'+ 5(5;9}.]

The above definition is given an instantaneous interpretation by
Fig. 11 for relations on LzeEO,W). If each of the points (x(t), Hlx(t))
and (x(t), - Hzx(t)) always lie in the appropriate shaded regions in
the figure, then the single-loop system has a margin of boundedness §.
Actually, from the figure, it is seen that Case 2 can be obtained from
Case la in the limit as b > -* or from Case 1lb in the limit as b + =,

The motivation for the above definition is found to be that a
single-loop system having a margin of boundedness § satisfies the

conditions of Theorem 8 within that margin. This is shown by noting

for Cases la and 1b that H1 is conic with constants (al’bl) and H2 is
1 l ~ ;b-a
conic with congtantsg (aZ’bZ) where & = a, bl = b, ay, =7~ 0(3329, and

b, = %'+ 6(%%?9. The conicity of H, is inferred from the conicity of

-H2 by property (2) in Appendix D. In Case 2, H I is positive and

1”5
1 1
H, is conic with constants (aZ’bZ) where a; =a, a, ==~ G(Za)’ and
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(a)

Fig. 11. Instantaneous conditions for a margin of boundedness §.
(a) Case la: 'b <a < 0. (b) Case lb: b > 0 and

a <0, (¢) Case 2: a < 0.
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b2 = 5(5%9- Now it is shown for each case that the conditions of
Theorem 8 and Remark 2 are satisfied. Let A = {2} and C = {1}. The

matrix B is found to be

Now for Cases la and 1lb

b.+a
_ _1 1. bta.
121
Further, for Case 2
-1 .1 -1 1l _
cl'dz“‘2a1+2(b2+az)"2a+2(a)”°‘

Hence, B' = B indicating the feedback in the transformation is canceled

by the feed-forward. Now it is found that

1 -n
n,l= 2

1—[|bij |j

so the single-loop system is bounded if

1-nn,?2 0.

For Cases la and 1b
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2blal

bj-a;

1 ba, (1 1
)[E(bz-'az)] = - (b—_';) [3 -3

Ny = = ¢ 28D 1=1 - 5.

Further, for Case 2

_ 1. - ol X I N

Therefore, in each case
1-n1n2=6>0.

Hence, the boundedness condition is satisfied within a margin § implying
the single-loop system is bounded.

The problem which arises concerning use of Theorem 7 for the design
of feedback compensation does not occur for Theorem 8. This is easily
seen by considering the single-loop system with a margin of boundedness
8. Assume the conditions of Case la are satisfied. The system is then
bounded by Theorem 8, but removal of the relation HZ does not leave a
system which 1s required to have a finite gain.

It can be shown by using the idea of a margin of boundedness §
that new results presented here specialize to results presented by Zames
[15]). Specifically, it is found that Theorem 5 of Chapter 3 is obtained
by applying Theorem 8 of this chapter to a single-loop system. Suppose
the conditions of Theorem 5 are satisfied for some y > Q0. The case
y = 0 need not be considered since this is shown by Zames to be a special
case of vy > 0. Now compare each case of Theorem 5 with the corresponding

case in the definition of a margin of boundedness &, Clearly a & can be

found so the system being examined has a margin of boundedness §. But
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this implies the system is bounded from Theorem 8. Hence, Theorem 8
can be utilized to prove Theorem 5.

Now two examples are given which indicate how the interconnection
structure influences the final form of the stability conditions. In
order that this influence might be most easily discerned, Theorem 7 is
utilized rather than the more complicated Theorem 8. Then it is dis-
cussed how the form of the interconnection can be used as a guide for
the application of Theorem 8. In this connection it is found the

idea of a margin of boundedness § is quite useful.

Example 2: Consider the multiple-loop system represented by the
block diagram of Fig. 12 where Hl’ H2, and H3 are all relation on Xe

of finite gain.

Fig. 12. Block diagram for Example 2.

First the B matrix is found to be
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This gives
1 ~g(H,)  -g(Hy) ]
I - (o, le@)l= | -s@) 1 0
i -g(Hl) 0 1 | -

Then calculating the successive principal minors leads to the bounded-

ness conditions:
1 - g(H))g(H,) > 0,
1 - g(i))g(H,) - g(H)g(H,) > 0.

Since gains are positive, the first condition can be eliminated because

it is implied by the second. The second condition also implies

From this it is clear that if the multiple-loop system of Fig. 12 is
bounded from Theorem 7, then each subloop of this system has an open-
loop gain less than unity. Hence, from Theorem 7 each subloop is
bounded. However, the converse of this is not true unless each subloop

satisfies the conditions of Theorem 7 within a certain margin. Define

61 and 62 by

1 - g()g(M,) = 6,
and
Then if §

1 + 62 > 1 the multiple-loop system is bounded.|
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Example 3: The system examined here is shown in Fig. 13 where
Hl, HZ’ and H3 are each relations on Xe of finite gain. The constants

kl and k2 are positive. The B matrix is easily found to be

0 -1 -1
B = 1 0 k1
I 1 k2 0 .
Then it is seen that
1 -8 (Hz) -8 (H3)
I -l le@)dl= |-g@) 1 -k, 8 (H,)

Calculation of the successive principal minors of the above matrix

gives the boundedness conditions:
1 - g(H))g(H,) > 0,
1 - g(i))g(H,) - g(H))g(Hy) - kikyg(H)g(y) ~ kyg(H))e(H,)eiy)
- kyg(H,)g(H,)g(Hy) > 0.

The first condition can be eliminated since it is implied by the second.

Actually the second condition implies each of the following:

1- klkzg(ﬁ3)8(H2) >0, (4c)
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- C
Fig. 13. Block diagram for Example 3.
1- kzg(Hl)g(Hz)g(HS) > 0. (4e)

Hence, it is clear that if the multiple~loop system of Fig. 13 is
bounded from Theorem 7, then each subloop of the system has open-loop
gain less than unity. Thus, from Theorem 7 each subloop is bounded.
Again the converse of this is not true unless the subloops each satisfy
the conditions of Theorem 7 within a certain margin. If the right hand
side of each inequality in (4) is replaced.with a positive number such
that the sum of these numbers is greater than four, then the multiple-

loop system of Fig. 13 is bounded.l

The purpose of the above two examples is to indicate, that as far

as Theorem 7 is concerned, boundedness conditions for a multiple-loop
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system can often be stated in terms of margins by which subloops
satisfy boundedness conditions. This information can be used to guide
application of Theorem 8 since this theorem actually involves applica-
tion of Theorem 7 to a transformed system. It can often be seen how
boundedness conditions on subloops of the transformed system reflect
back into the original system. Here the condition that a subloop of
the original system has a margin of boundedness § becomes useful.

This is due to the fact that satisfaction of this condition implies a
corresponding subloop of the transformed system satisfies a boundedness
condition within a margin §. Boundedness conditions for the original
system then involve §. This allows an organized approach and often

reveals tradeoffs in conditions.
Continuity

By devising a system relating changes in inputs to changes in
outputs, continuity results can be obtained almost directly from bounded-

ness results. This approach produces the following theorem.

Theorem 9: If the conditions of Theorem 8 are replaced by their
incremental counterparts, then all relations Ei and Fi associated with.

the multiple-loop system (2) are continuous.l

Remark 3: The limiting cases of bi + @ and a; > - for ieC are
handled in the same manner as for Theorem 8 but by requiring incremental

conditions to be satisfied. |
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Proof: First a system relating changes in inputs to changes in

outputs is presented. Define the relation Gi on Xe by

G, = {(e,y) :there exist w and v in Do(Hi) such that

e v such that

(w-v) and there exists Hiw and Hi

y Hiw - Hiv}.

Gi then relates changes in the input of Hi to changes in its output.

Consider the following system:

m

él = aii + E bijyj fori=1, 2, ..., m, (5a)

i=1

y; = Giei for i=1, 2, ..., m. (5b)
Let Xps €495 Yyp0 and Hieil be functions in X.e satisfying (2) for
each i. Further, let Xps €95 Y io» and Hie12 be functions in Xe also
satisfying (2) for each i. Now for x = Xp = Xpy €, = ey e, and
§i =y, ~ ¥y there exists Giéi in X, such that equations (5) are
satisfied. This is easily seen by subtracting the equations

corresponding to the input X, from those corresponding to the input

p 4 The w, are eliminated since they are fixed regardless of the

1’ i
input. Hence, equations (5) relate changes in the input X to changes

n

in the outputs éi and &i through the relations Ei and F, .

Assume the conditions of Theorem 9 are satisfied. 1-1i is incre-
mentally conic with constants (ai’bi)' This implies Gi is conic with
constants (ai’bi)' To see this let eeDo(Gi), GieeRa(Gi), and teT.

Then by the definition of Gi there exists a w and v in Do(Hi) such
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that e = w - v and there exists Hiw and H,v such that G,e = Hiw - Hiv.

i i

Therefore,

(o), - ase ,(Ge), - bie > =

<(Hiw-Hiv)t - ai(w-v)t, (Hiw-Hiv)t - bi(w-v)t>.

Hence, incremental conicity requirements on Hi imply corresponding
conicity requirements on Gi'

Applying Theorem 8 to system (5), it is seen that ﬁi and fi are
bounded for all i. This means bounded changes in the input produce
only bounded changes in the output. This 1is close to what is desired.
To actually obtain continuity, the proofs of Theorems 8 and 7 must be
examined. The proof of fheorem 8 involves showning an appropriate
transformed system (3) is bounded from Theorem 7. Denote inputs and
outputs for the transformed system corresponding to (5) by éi’ and
§i'. Since the Wy in equations (5) are zero, the equation for w' in
equations (3) indicates Wi' in the transformed system is zero. Hence,

from the last portion of the proof of Theorem 7, it is seen there

exists fi'i 0 such that for each i

18,11 < £, 1%1] ana 115,11 < n 2,1 1]]

for any solution of the transformed system with %eX.
It was shown when discussing the transformation that for each
solution of (5) there is a solution of the transformed system such

that for each 1
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A = a 'uas ot N S ]
e; = e -~cyy and ¥ =Yy d.e, .

Thus, for each solution of (5) with XeX it is seen
g1l = (& + leglngg ) 121] ana (15,11 < (gt + lay |2 IR1]-

Now returning to the beginning of the proof to the solutions

corresponding to inputs X, and Xy, it is seen that for X - xzeX.

“eil-eiZH = (fi + |ci|n1fi)”x1_x2H

and
yg1vipll < (g, + a1 |, ||
Pick € > 0. Let ¢, = - . Th —x,|| < &, impli
i fi+ |ci|nifi en ”xl xz” 4 implies
||Eixl - Eix2|| = ||eil—eiz|| 5_(fi + lcilnifi)llxl_x2ll < €. Hence,

Ei is continuous for each i. Similarly all F, are continuous.[

i

Now consider a multiple-loop system formed from the interconnec-
tion of linear time-invariant operators in Q with memoryless non-
linearities. If Theorem 9 yields continuity conditions, they take the
form of incremental conicity requirements. Then satisfaction of these
requirements implies inputs arbitrarily close to each other in the L2
space correspond to outputs arbitrarily close to each other in the L2
space. Boundedness conditions were discussed earlier for a similar
system in connection with Theorem 8. It is found the incremental
conicity requirements on the operators in Q have the same interpretation

here as earlier. However, the requirements on the nonlinearities are
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interpreted differently. Assume the ith memoryless nonlinearity is a

relation Hi on Lze[O,w) which satisfies the equation Hix(t) = Ni[x(t)]

where Ni is a real-valued differentiable function. Then, assuming
ieA, the requirement that H, be increméﬁtally conic with constants

TN, (x)
(ai’bi) is satisfied if a;, < —a=

§_bi for all x. This is true by
Lemma 3 of Chapter 3.

From the latter portion of the proof of Theorem 9, it is clear
satisfaction of the hypotheses of the theorem actually implies more
than continuity. The theory 1is capable of providing quantitative
information in the form of specific bounds on deviations in system
outputs in terms of deviation in the system input. Under initial
satisfaction of the conditions of Theorem 9, a further tightening of
restrictions on system parameters clearly results in tighter bounds
on deviations in outputs. Thus, a similar situation exists as for
Theorem 8 in that the margin within which conditions of Theorem 9 are

satisfied can be viewed as a measure of "how stable" a system is.
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CHAPTER 5: APPLICATIONS

In this chapter the stability of several systems is investigated
through the use of Theorems 8 and 9. For each system examined, it is
found the form the interconnection structure takes is a helpful guide
for application of the theory. This is reflected by the fact that im
each instance general stability conditions always require certain
subloops to have a margin of boundedness §.

For each system investigated, boundedness and continuity are
interpreted in terms of the L2 norm. This is done because analysis
in terms of this norm allows results to be obtained in the most direct
manner. This permits the emphasis to be placed on changes in the theory
required to go from a single-loop to a multiple-loop system. Several
extensions of the single~loop theory have been made which are interesting
to examine relative to the multiple-loop theory. For instance, Zames
[14] presents a theorem for L_-boundedness which is comparable with
Theorem 8 and has a frequency-domain interpretation for a single-~loop
with a linear part and a nonlinearity.

Due to the fact that the L2 norm 1s used exclusively, it must be
assumed in all cases that all system inputs and outputs are square
integrable over any finite time-interval. From an engineering viewpoint

this is a trivial restriction since it is almost always true for any

Results presented in this chapter are relevant to the Lyapunov
type of stability as well as the type of stability defined in a func-

tional analysis setting. This seems reasonable from consideration of
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a dynamical system for which a bounded set of inputs leads to a bounded

set of outputs in the sense of the L, norm. Roughly speaking,a zero

2
input then corresponds to an output which becomes small in the remote
future regardless of initial conditions. But this is close to the idea
of asymptotic stability. Willems L13 ] makes this more precise by
proving that global asymptotic stability in the sense of Lyapunov
results if the state space is accessible and observable in some
sense.

The first system considered here is a particular interconnection
of three specific linear time-invariant systems with three specific time-
varying nonlinearities. This is followed by examination of a network

possessing passive components. TFinally, a particular nonlinear time-—

varying differential equation involving time delay is analyzed.

Example [: Consider the multiple~loop system shown in Fig. 14.
Application of Theorem 8 shows this system is bounded in the sense of
the L2 norm.

First a more detailed description of the system illustrated in the
block diagram is given. Clearly this system is an interconnection of
three linear time-invariant systems, a time-varying gain, a piecewise

linear nonlinearity, and a hysterisis nonlinearity. Let h(t) be the

s+20
1 =P T2 Nneo e ~ .o i AU, 3 N k 2 l
inverse Laplace transform of (stD) (542) Then the block labeled

s+20

——==_ represents a system having input u and output v which
(s+D) (s+2) represents sys g P P

satisfy the integral equation
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-
-~
-
-
-

//IJ_ P > fttl)———
+
s+20 ——-—-Y—— .5 4 @ st+4
(s+1) (s+2) - | (s+2) (s+4) (s+1) (s+2) (s+5)
1.6I1
.53
/ .25(1l-cost) —y————————¢
7
/
/
/

Fig. 14. Multiple-loop system of Example 1.

v(t) = z(t) + f; h(t-T)u(1)dT

for t > O where z(t) accounts for initial conditions. It is assumed

L(0) lies i . | 4
z(t) lies in L2 L0,»). The blocks labeled (512) (o44) And

st4
(s+1) (5+2) (s45) represent systems modeled by similar integral

equations having initial condition responses in I,ZI,(),"'). The
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assumption is made that each block in Fig. 14 has inputs and outputs

which are square integrable over any finite time-interval.

Now consider any input or output of any block in Fig. 14. Bound-
edness implies a bound on the "size" of this input or output can be
given in terms of a bound on the "size" of the input r. For example,
consider the output c. Now for each D and each set of initial condi-

tions a C can be calculated so that when a solution exists

o 2
[o t(t)7de <D
implies

f: c(t)de < c.

This means, roughly speaking, that inputs which become small rapidly
enough in the remote future lead to outputs which become small in the
remote future regardless of initial conditions.

The following modification of the system in Fig. 14 is shown to

be continuoug by Theorem 9. TImagine replacing each of the nonlinearities

of the system in Fig. 14 with a slope restricted nonlinearity. Specif-
ically, replace the graphs of the piecewise linear nonlinearity and the

hysterisis nonlinearity with, respectively, the real-valued differenti-

le(x)
able functions Nl and NZ' Assume the inequalities .53 ST = 1.6
sz(x)
and 0 s .J> are satisfied for all x.

Now consider any input or output of any block in the modified

system of Fig. 14, Continuity implies a bound on the '"size" of the
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deviation in this input or output can be found in terms of a bound on
the "size" of the deviation in the input. Being more specific, consider
the output c¢c. Let r and r' be two general system inputs for which under
identical initial conditions the, respective, outputs c and c' exist. Then
if

[o [x(t) - r'(t)1%dt < @
a constant K can be calculated which is independent of initial conditions

and for which
f; [c(t) - c'(t)]zdt <K f; [r(t) ~ r'(t)]zdt.

Loosely speaking, this means inputs which become close rapidly enough
in the remote future lead under identical initial conditions to outputs
which become close in the remote future. The fact that the system is
continuous also means the jump phenonenon cannot be displayed.

General stability results which specialize to those given above
can be obtained for the multiple~loop system of Fig. 15. These results
are found from appiication of Theorems 8 and 5 and are cast in a fomm
which reveal tradeoffs.

First consider in more detail the system depicted by Fig. 15.

The blocks labeled H

HZ’ and H, are members of the class of linear

1 3
time~-invariant operators Q. Zero~input responses of the systems
modeled by these operators are accounted for by the functions z,, Zys
and Z4 which are all assumed to be in Lz[O,“). The blocks labeled

H4, HS’ and H6 represent time-varying nonlinearities which are modeled
by relations on L2e[0,“). The constant k 1s assumed to be nonnegative.

This multiple-loop system clearly has equations of the form of (2)
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He |
21 22 ] :3
+ I+ + 1—%* ' +
1 K ) Hy
subloop 1 subloop 2

H4 H5 . ﬁ

Fig. 15. Multiple-loop system.

where the input r corresponds to x and the w, functions are linear combi-
nations of 215 295 and zg-

Use of Theorem 8 yields the following boundedness conditions. Assume
the single-loop system possessing open-loop relations H1 and —H4 has a
margin of boundedness & where Hl is conic with constants (al’bl)' In

other words, assume subloop 1 has a margin of boundedness 8. This means
b,-a

H, is conic with constants (a,,b.) and H, is inside {- Lr 6(-l¥—lﬂ,
1 1°71 4 b1 2b1a1
1 b -3
-+ 5(2 )} for some C < § < 1 where either b, <a. < 0 or a, < 0
al bla1 1 1 1

anb b, > 0. Further, assume H, is inside {-b bz}, H, is inside

2 2 3

{-b3,b3}, HS is inside {0,b5}, and H6 is inside {0,b6} where b, b3, bS’
and b6 are all positive. Then the system of Fig. 15 is bounded if

2b.a

1%1
8(1 = bybybs) + kby(by + be) === > 0.

171
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It is interesting to observe that a necessary condition for satis-
faction of the above inequality is b2b3b5 < 1. Further, if this condi-
tion is satisfied a k > 0 can always be found for which boundedness is
guaranteed. This is particularly interesting since from Theorem 7 the
condition b,b,b. < 1 guarantees boundedness of subloop 2 comprised of

27375

relations H H3, and H Apparantly if subloops 1 and 2 satisfy bound-

2° 5°
edness conditions and the coupling k between them is weak enough, then
the entire multiple-loop system is bounded.

Now the boundedness conditions cited above for the system of Fig.

15 are employed to show the system of Fig. 14 is bounded. Making a

comparison of the two figures it is seen the block labeled Hl corres-~

ponds with the block labeled z;%%%%g;fy. Now the block in Fig. 14 is

stated above to be modeled by an integral equation having Laplace trans-
s+20 .

form (ot1) (s42) " Since the poles of this transform lie strictly in the

left half plane, this system belongs to the class of linear operators

Q. Further, the initial condition response belongs to LZ[O,“D. Similarly,

the blocks labeled Hz and H3 correspond, respectively, with the blocks

4 st4
(+2) (o+5) @4 oDy (et2) (a75)" Also the block labeled Hg

corresponds with the time-varying gain .25 (l~cost). Finally, the

labeled

blocks labeled H4 and H6 correspond with, respectively, the piecewise
linear nonlinearity and the hysterisis nonlinearity. Hence, with

k = .5 it is seen the system of Fig. 14 fits the form of the system

s+20 4

shown in Fig. 15. Now let H -t g OO A
g ow let Hl(s) (ot1) (5%2)° Hz(s) TYCAL

Ho(s) = st the relation H_. satisfy the equation H.x(t) =
3 (s+1) (s+2) (s+5)? 5 y quation Hgx =

.25(1-cost)x(t), and the relations H4 and H6 be described by the graphs



75

shown in Fig. 14. From the Nyquist diagrams shown in Fig. 16, it is

clear from Lemma 1 of Chapter 3 that H, is outside {-5.33,-.5} and

1
both H, and H, are inside {-.5,.5}. Further, it is clear from Lemma 2

of Chapter 3 that H_ is inside {0,.5}, H, is inside {.53,1.6}, and He

5
is inside {0,.5}. Now pick § = .375. Then for a; = -.5, b, = -5.33,
b2 = b3 = .5, and b5 = b6 = ,5
2bla1
§(1 - b2b3b5) + kbz(b3 + b6)'b——_-a—' > 0.
171
Further,
b,-a
~bo - Sgpg ) = 4526
1 11
and
b,-a
- =+ 32— = L.66.
1 171

Hence, the boundedness conditions cited above for the system of Fig. 15
are satisfied by the system of Fig. 14.

Now consider the modification discussed above of the system of Fig.
14. The modified system is still of the form of Fig. 15 but with the
relations H4 and H6 satisfying, respectively, the equations H4x(t) =
Nl[x(t)J and Hgx(t) = N2[x(t)]. This system is found to be continuous
from Theorem 9 by showing the incremental counterparts of the conditions
satisfied by the system of Fig. 14 are satisfied here. From Lemma 1,
Hl is incrementally outside {-5.33,-.5} and both H, and H, are increment-

2 3

ally inside {-.5,.5}. Further, from Lemma 3 of Chapter 3, H. is incre-

5
mentally inside {0,.5}, H, is incrementally inside {.53,1.6} and Hy is

incrementally inside {0,.5}. Hence, the modified system is continuous.
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1
w= w=0
Reﬁi
Hl(Jw)
ImH2 . ImH3
W= ® w = - .
. H, (1w - =0
~.5 .5/ Rell 3 w=--

(V)
2 -
-.5 .4).5[Refi,
H, (jw)

Fig. 16. Nyquist diagrams for Exampie I.

Now the boundedness conditions stated above for the system of Fig.
15 are verified through the use of Theorem 8. Assume these conditions

are satisfied. Then each Hi is conic with constants (ai’bi) where

b.-a b, -a
1 171 1 171
a, = -=—~4§(zz—), b ==-T"+38G—7), a, = -b,, a = -b,, and
4 b1 2bla1 4 a, 2b1al 2 2* 73 3

ag = a, = 0. In Theorem 8 select A = {2,3,4,5,6} and C = {1}. Then
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b b

5 6
d, =d, = 0, d5 = -7 and d6 = - Further, n o= -

2blal

 Cranmpy)

b8’
b5 6

nz = b2’ n3 = b3, ns =5 and e =7 Now from the block diagram

o

of Fig. 15 the B matrix is found to be

0 0 -1 ~1 0 -1
k 0 0 0 -1 0
0 1 0 0 0 0

It is easily found that

- —

(I+B|:diagdi])_l =

From this, B' is calculated to be

c1+d4 d6 -1 -1 0 -1
k 0 d5 0 -1 0
o o 1 o0 o o0 o0
B' = (I+B[diagd,])
(B+[diagci]) = 1 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0 |
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Due to the fact that the single-loop system possessing open-loop rela-

1 and —H4

element in the upper left hand corner of B' is zero.

tions H

Now further manipulations give

r 1 ”2d6 ”3 -n,
—kn'l 1 n3d5 0
0 -n, 1 0
I - leij’lan =
-y 0 0 1
0 0 Ny 0
0 —nz 0 0

Also 1 -
v o
_”5 0
0 0
0 0
1 0
0 1

has a margin of boundedness §, it is easily found the

ﬂlr14 =

Calculation of the successive principal minors leads to the following

five inequalities whose satisfaction guarantees boundedness:

1+ knlnza6 > 0,
1+ n2n3d5) + knlnz(d6 - n3) >0,
(1 - n4nl) 1+ n2n3d5) + knln?_(d6 -

(1 - nanl)(l + 2n2n3d5)

-

a - ”4”1)(1 + 2n2n3d5) knln2(2d6 - n3)

”3) > 0’

knlnz(d6 - n3) >0,

> 0.

Observing that d5 and d6 are negative, it is easily seen the last

inequality implies all the ones preceding it.

for the Ny and di and noting again 1 - NNy, =

above becomes

Using the expressions

§, the last inequality

.
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) 2blal
6 bl—al

§(1 - b2b3b ) + kbz(b3 + b > 0.

5
But this is exactly the condition assumed satisfied at the beginning.

Hence, boundedness is obtained.

Example II: Boundedness conditions are given in this example for
two types of systems which have the same equations in functional form.
First a network formed from the interconnection of a time-varying non-
linear conductance, a time-varying nonlinear resistance, and two passive
elements is considered. Then a system is examined which is an inter-
connection of two linear time-invariant systems and two nonlinearities.

The network to be examined is shown in Fig. 17. The voltages and
currents labeled e, are considered to be inputs to the appropriate:
elements while the voltages and currents labeled y; are considered to
be outputs. The element labeled H. has a current input and a voltage

1

output while the element H2 has a voltage input and a current output.

Because of this, Hl is referred to as an impedance element and H, is
= L

referred to as an admittance element. These two elements are assumed

to be passive. This means for each element that if i denotes the current
through the element and v denotes the voltage drop across the element
then fg i(t)v(r)dt > 0 for all t > 0. The elements labeled H3 and H4
are, respectively, a time-varying nonlinear conductance and a time-

varying nonlinear resistance. These elements are characterized by the

[unctionsb“ and N2 through the equations

y4(8) = N Ley(e),t]
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-—
T V| +
H e
N + 2 | %2
r (‘) i In Hyles
- - 4
Py re

Fig. 17. Network for Example II.

and
Y4(t) = N2[84(t) st].

It is assumed for each element that all inputs and outputs are square
integrable over any finite time-interval. Certainly from an engineering
viewpoint this is a trivial assumption.

Now Theorem 8 can be utilized to obtain the following results.
Assume for each time t the graph of each of the functions N1 and N2 lies
within the appropriate shaded region of Fig. 18 for some ¢ > 0 and
ag > 0 where b3 and b4 are arbitrarily large. Being more precise,

, and b, such that the

assume there exist constants € > 0, a, > 0, b

3 3 4
following conditions are satisfied by the functions N1 and NZ:
Nl(x,t)
ay <=2 b3 for all x # 0 and all tel0,x),

Nl(O,t) = 0 for all te[0,«),

1 Nz(x,t)
~—+ g < =———— < b, for all x # 0 and all tef0,x),
ag - X -4

N2(0,t) = 0 for all te[0,x).



(a) (b)

Fig. 18. Conditions on elements H3 and H4. (a) Nonlinear

conductance. (b) Nonlinear resistance.

Then for each ey of the network corresponding to a current input r with

f; rz(t)dt < © a constant Ki can be calculated so that

I eJZ(t)dt s K, j; 2 (t)dt.

Similarly for each i corresponding to an input r with f; rz(t)dt < @

a constant Li can be calculated such that
0 2 Y 2
[o v (ae <1 [ x“(D)ae,

It is interesting to observe that by varying the constant ag the
condition on element H3 can be relaxed if a more stringent condition is

. and conversely. Hence, a tradeoff in conditions

placed on element H4

is revealed here.
Now consider the system shown in Fig. 19 formed from the inter-
connection of two linear systems with two nonlinearities. The non-

linearities are memoryless and characterized by the functions Nl and N2'
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il(s) | ﬁz<s) ——

Fig. 19. Block diagram for Example II.

The constant gain k in the outer feedback loop is nonnegative. Systems
modeled by differential equations are represented by the blocks
labeled ﬁi(s) and ﬁé(s). It is assumed these functions of s are in

the form

and

where d # 0 and d # 0. Then it is assumed the systems represented
nll n22

by the blocks labeled Ei(s) and ﬁé(s) each have input u and output v

which satisfy, respectively, the differential equations
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=]

n

1 1

z djlv(j) = 1z cjlu(j)
3=0 3=0

and
) )
) _ (&)

I d,.,v = I ¢,.u

g0 3t g0 W2 ,

The superscript denotes differentiation of that order. The two

n n

1 2

polynomials I d sj and I d,.,sJ each have all zeros strictly in
j=0 3=0 32

the 1lcft half plane. The assumption is made, of course, that each
block in Fig. 19 has all inputs and outputs square integrable over
any finite time-interval.

Application of Theorem 8 produces the following. Assume there
exist constants b1 <ay < 0 and b2 <a, < 0 such that the loci of
ﬁi(jw) and ﬁé(jw) lie within the appropriate shaded regions of Fig. 20
for we(-~,*) and do not encircle the unshaded regions. Further, assume
there exist constants 0 < 61 <1 and 0 < 62 < 1 such that the graphs

of the nonlinearities lie within the appropriate shaded region of

Fig. 20. Now if

4b.a.b,a k
5.6 1717272

1°2 7 (by-a)) (byma,) °

then in the L, sense a bound on the "size" of any input or output of
any block of Fig. 19 can be calculated in terms of a bound on the "size"

of the input r. Being more specific, consider the output c corresponding
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Fig. 20. Graphical conditions imposed on components

4 P S VL -
of system im Fig. 19.

to an input r. For each D and each set of initial conditions there

exists a C such that

f; rz(t)dt <D
implies

f; c(t)zdt < C.
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Loosely speaking, this means an input r which becomes small rapidly
enough in the remote future leads to an output c which becomes small
in the remote future.

It is interesting to observe the conditions imposed on the system
of Fig. 19 are in a form which reveal tradeoffs. For instance, if 89
is decreased while increasing 61 proportionately, then the conditions
remain satisfied. This corresponds to relaxing the condition on the
nonlinearity N2 at the expense of the condition on the nonlinearity Nl.

Now boundedness results in the sense of the L2 norm are presented
‘for a set of simultaneous functional equations. These results can be
shown to specialize to the results given above for the network of Fig.

17 and the system represented in Fig. 19. Consider the equations

[+
i

1 r + wl - ky2 - y3

ey =Wy ty; (6)

(1]
=N

I}

£
o~

+

«“
N

vy = Hie1 fori=1, 2, 3, 4

where each Hi is a relation on Lze[O,w), each wiaLz[O,m), and the con-
stant k is nonnegative. These equations are clearly of the form of
equations (2) where r corresponds to x.

The block diagram corresponding to equations (6) is shown in Fig.
21, This system is clearly in a suitable form for application of

Theorem 8. Let subloop 1 denote the loop having relations H1 and H3
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r+w 4w
e y 2
1. A 1 +
1
e
subloop 1
Y3 e, + ¥y
Hy
+
V3
k

Fig. 21. Block diagram of functional equations for
Example II.

2 and H4. From the

structure of the interconnection, it seems a reasonable approach is to

and subloop 2 denote the loop having relations H

assume subloop 1 has a margin of boundedness 61 and subloop 2 has a
margin of boundedness 62. Then if the transformed system has the same
structure, boundedness conditions will involve the additional loop

corresponding to the loop containing H H2, and k.

1’
Utilizing the above approach leads to the following results. Assume

the single-loop system possessing open~loop relations Hl and —H3 has a

margin of boundedness § Further, assume the single-loop system possess—

l.
ing open-loop relations HZ and -H, has a -margin of boundedness 62. Then
boundedness is assured if

5162 > nlnzk

where for 1 = 1, 2
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- C——l—iﬁ if H, is conic with
b,-a, i
i1
n. = constants (ai,bi)
i
~ 2a, if H, - a,I is positive .
i i i

In the transformed system the loop containing Hl', Hz', and k

corresponds to the loop containing H H2, and k. This is found true

1,
later due to the fact B' = B. The Ny and n, defined above are found
from Theorem 8 to be such that Hl' is inside {—nl,nl} and HZ' is inside
{-nz,nz}. Hence, the influence of the loop involving H,', H,', and

k is indicated by the term n nzk in the above inequality.

1

For the special case k = 0 the outer feedback loop is broken so
boundedness of the entire system is implied by boundedness of subloops
1 and 2. The above boundedness conditions reflect this by becoming
5162 > 0, But this is already true from the definition of a margin of
boundedness §. Effectively the above conditions reduce to requiring
the conditions of Theorem 5 of Chapter 3 be satisfied for both subloop
1 and subloop 2.

Now the results presented for the network of Fig. 17 are found to
be a special case of the boundedness results presented for equations
(6). 7irst observe that with each w, set equal to zero and k = 1 the
equations of the network are of the same form as equations (0). Assump-
tions made on the circuit elements guarantee each Hi is a relation on
L, [0,%).

Now it is shown conditions satisfied by elements of the network

guarantee boundedness. Since H1 and H2 are passive, both fg el(T)yl(T)dT
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and fg ez(T)yz(T)dT are nonnegative for all te[0,«). But in ;he L2 space

t
13 el(T)yl(T)dT= <e1t,(H1el)t> and fo ez(T)yz(T)dT = <§2t,(H2e2)t>.

Hence, H, and H., are both positive relations on Lze[O,W). Now, referring

1 2

to Fig. 18, select 0 < §. <1, 0<§, <1, a

1 ’ 2 1 < Q, and a, < 0 such that

1 1 1 1 1
- 6 (——. = a,, - 6 (-';-——) = = 4 E,"'"‘" + 6 (——) = b ’ and
1 2al 3 2 2a, a3 a; 1 2a1 3

1
- +2(2

) = b4 This can be done since the first two equalities
4 3

) 8
effectively determine the ratios-‘L and —g-while the last two equalities

3 2,

determine particular values of a, and ay- Now since H1 and H, are both

1 2

positive relations, the relations Hl—alI and HZ aZI are also both

positive. Further, from Lemma 2 of Chapter 3, H 1(5%—),
1

3 is inside {- &

1 1
- + 6,(2a )} and H

. 1, 1., ,.L
" , is inside {- 62(2 ) + 62(2a )}. Hence,

A B0 & 2
from Case 2 of the definition of a margin of boundedness § it is seen

subloops 1 and 2 have, respectively, margins of boundedness §, and §,.

All that is needed now to infer boundedness is that 6162 > nlnzk = 4ala2.
But - & C‘L—) = a, and - ( ) = l‘-+ € implies
1'2a 3 8,3 P
1 4 a5
6.6, = [1 - 6 (35)J4a a, > 4a a
12 1*2a 172 172°

1

Thus the network is found to be bounded in the sense of the L2 norm.

The specific bounds given on the "size" of each e, and ' follow from

i

the manner in which Theorem 8 is proven and the fact that each W, is

zero.
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Now it is shown the results given for the system of Fig. 1Y are
obtained as a special case of the results given for the system of Fig.
21. Let the relations H3 and H4 be used to model, respectively, the
nonlinearities N, and N,. Further, let the relations Hl and HZ model,

1 2
respectively, the blocks labeled ﬁi(s) and ﬁé(s). From the discussion
of the class of operators Q in Chapter 3, it is clear Hl and H2 are
members of Q having, respectively, Laplace transforms ﬁi(s) and ﬁé(s).
Further, from the differential equation models of Hl and H2, it is
clear initial condition responses are in LZ[O,w). The functions W,
can be used to account for initial condition responses and are also
in Lz[O,W). It is now easily found the system of Fig. 19 has functiomal
equations of the form of equations (6).

Now it is shown conditions guaranteeing boundedness of equations
(6) are satisfied under conditions imposed on the system of Fig. 19.
From Lemmas 1 and 2 of Chapter 3, it is seen the conditions placed on
the Nyquist diagram of H

and the graph of N, imply H, is conic with

1 1 1
constants (al,bl) where bl <a < 0 and L iga inside the sector
Ch - s - h gk

1 1°1 ! 1%1

where 0 < 61 < 1. This implies, from Case 1lb of the definition of a
margin of boundedness §, that the single-loop system possessing open-

loop reiations Hl and -H3 has a margin of boundedness ¢ Similarly,

l.
it is found the single-loop system possessing open-loop relations HZ

and -H4 has a margin of boundedness § Now boundedness in the sense

2°

of the L2 norm is assured if
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4b.a_b,ak

1717272
8.8, >n_n, .k =
12 12 (bl-al)(bz-az) .

But this is exactly the condition under which results for the system
of Fig. 19 are given.
Now the boundedness results presented for equations (6) are
obtained from Theorem 8. Assume the conditions given are satisfied.
Select A = {3,4} and C = {1,2}. The matrix B is found from

equations (6) to be

cytdy =k -1 0
e 1 oy, 0 -1
1 0 0 0

| 0 1 0 0.

Now it is not difficult to find that cy + d3 =c, + d4 = 0 due to the
fact that subloops 1 and 2 have margins of boundedness 61 and 62,
respectively. Note this means the transformed system has the same form

as the original system since B' = B. This leads to
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1 -kn2 --n3 0
-n 1 0 -n
I-Clby,"Ind= 1 4
303 -n 0 1 0
1
i 0 -n2 0 1 4.

Calculation of the successive principal minors produces the following

sufficient conditions for boundedness:
1- knln2 > 0,
(1 - ngny) = knyn, > 0,
(1- n3nl)(1 - n4n2) - knlnz > 0.

Clearly the first two conditions can be eliminated since they are
implied by the third. Now, due to the conditions on subloops 1 and
2, it is found that 1 - nghy = 61 and 1 - NNy = 62. Hence, the

system is bounded if
8187 < nyngk.
But this condition is assumed to be satisfied.

Example III: Some properties of the sclutions of the following
system of differential equations involving time delay are investigated

here:

il(t) - xl(t) - .25x2(t) - 4.5x3(t) - .25xl(t-.758)

- .25N1[xl(t-.758),t] + .25r(t)
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iz(t) = - l.25x2(t) - 4.5x3(t) - .25xl(t-.758)

(7)
- .25N2[18x3(t) + xz(t),t] + .25r(t)

i3(t) xz(t) - 2x3(t).

It is assumed the time-varying nonlinearities Nl and N2 are continuous

functions of both arguments and that the input r is a continuous
function of time.

Strictly speaking, the question of existence of solutions to (7)
need not be considered in a stability investigation. However, informa-
tion concerning this question is usually desired and is readily avail-
able in this particular situation. In Halanay [2] it is shown that
given a continuous function vo(t) equal to xl(t) on [-.758,0] and
given values for x2(0) and x3(0), a continuous differentiable solution
exists for equation (7) on [0,®). This solution can be constructed by
replacing xl(t-.758) in (7) by vo(t—.758) in the time interval [0,.758].
By the above continuity assumptions there exists a solution on [0,.758].
This solution in turn can be used to produce a solution on [.758,1.516].
Repeating this process ad infinitum produces a solution on [0,®).

Application of Theorem 8 yields the following results concerning
solutions of equations (7). Assume the nonlinearities N, and N

1 2
satisfy the following conditions:

2.33x% < AN (x,8) < 5.67x> for all x and all te[0,%),

|A

2.75x2 < xNz(x,t) 6.00x2 for all x and all te[0,x),

Nl(O,t) = N2(0,t) = 0 for all te[0,x).
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Then for each number D and each set of initial conditions, numbers Al’

A2, and A, can be calculated such that for each input r with

3

[ 2ty <
0

a corresponding solution of equations (7) satisfies the inequalities

for i = 1,2,3.

N x.2(t)dt < A
o 1 i

Theorem 9 can be utilized to obtain further information concerning

properties of solutions to equations (7). Let Nl

following conditions for all x and y and for all te[0,®).

and N2 satisfy the

2.330ey)% < G N (6,8) = N (7,8)] € 5.67Gx-9)7,

2.75(x-y) 2

I

(x=y) [Ny (x,8) = Ny(y,8)] < 6.00(x-y)".

These conditions are satisfied if, for instance, each N, and N, is

1 2
aNl(x,t)
differentiable in the first argument with 2.33 < v < 5.67 and
N, (x,t) :
2.75 5_—-=3;———_5 6.00 for all x and all te[0,®). Now let r and r’ be

inputs satisfying the condition fm [x(t) - r'(t)]zdt < ® and correspond-
0
ing under identical initial conditions with the, respective, solutions
T T
of equations (7) [xl(t), xz(t), x3(t)] and [xl'(t), xz'(t), x3'(t)] .
Then constants K, can be calculated independent of initial conditions

i
such that for 1 = 1,2,3

I Lz, (£) - xi'(t)]zdt <K [7 txo - r'(6)1%de.
0 0
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Now, in order to obtain the above results, equations (7) must be
put in functional forﬁ. It is desired to view the nonlinearities Nl and
N2 as relations on L2e[0,w). Hence, expressions are needed for the
inputs xl(t-.758) and 18x3(t) + xz(t) of these relations. These expres-
sions are obtained from the well-known result of the theory of linear
differential equations which gives the solution of the nonhomogeneous
problem in terms of solutions of the homogeneous problem.

Let [xl(t), xz(t), x3(t)]T be a solution of equations (7) corre~-
sponding to the input r for the initial conditions vo(t) on [-.758,0],

x2(0), and x3(0). Then from the first equation in (7) it is clear that

for te[0,»)

x, (£) = e-tvo(O) + f; e—(t—T)[—.25x2(T) - 4.5%4(7)

- .25xl(T—.758) - .25N (1-.758) ,7] + .25r (1) 1dT.

1 %

Now define the unit step function to be

0 for t <0
u(t) =
1 for t>0

Referring to the discussion of how a solution of equations (7) is con-

structed, it is seen that for te[0,®)

(v (£-.758) for 0 < t < .758
xl(t-.758) =
-(t-.758)
e v

0(0) for t > .758

~(t- - (8)
+ 5 u(t=.758-0e”ET T 950 (1) - 4.5xy(0) - L25x) (1-.758)
0

- .25N1[x1(T-.758),T] + .25r(t)ldT.
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Now defining the matrix

it is seen from the last two equations of (7) that for te[0,«)

x, (t) x,(0)

| x50 %3(0)
[5 AT e 25, (1) = 4.5xy(0) =~ L25x) (1-.758)
0

- .25N,[18x,(1) + x,(1),7] + .25¢(1),01%d1.

A

Calculating e t it is found that

18x,(t) + x,(t) = (19e™° - 18e'2‘)x2(0) + l8e-2tx3(0)

+ fE 11967 (67T _ 180 2(E T3 95y

) - 4.5x3(T) 9
0

5(
—.25xl(T-.758) - .25N2[18x3(1) + x2(T),T] + .25r(T)Jdr.

From the above it is clear each solution of equations (7) must
satisfy the integral equations (8) and (9). This suggests the following.
Let Hl and H2 be relations on Lze[O,“) which satisfy, respectively, the
equations

H,x(t) = N,[x(t),t]
i Py
and

HZX(t) = NZEX(t),t].
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Since only solutions of equations (7) are of interest, it is assumed
that the domains of H1 and HZ are each the class of continuous functions.
Next, let H3 and H4 be operators on Lze[O,“) which satisfy, respectively,

the equations

Hax(t) = f¢ u(e-.758-1e F 7728 Dy (r)ae

and

Hx(t) = fg [19e”C57 - 18e72(5"D 1 (yar.

Obviously H3 and H4 are both members of the class Q of linear time-

invariant operators. Now consider the set of functional equations

e = v t v,

L)
U

2 T ¥ ty,

[
8

.25r + L/ .25y2 - .25y3 - .25y4

o
(]

<«
n

Hiei for i = 1,2,3,4

where each wieLz[O,w). Clearly these equations are in the form of
equations (2),

It is now found for appropriate definitions of each ey and vy
that solutions of (7) satisfy the above functional equations. Let
[xl(t),xz(t),xs(t)]T be a solution corresponding to the input r and
the initial conditions vo(t) on [-.758,0], x2(0), and x3(0). Define

zl(t) and zz(t) by
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vo(t-.758) for 0 <t < .758

zl(t) =

e-(t-'7585v°(0) for t >

v
~J
(%
o]

and
~t -2t -2t
zz(t) = (19e -~ ~ 18e )xz(O) + 18e x3(0).

Then define each e, and w, by the following:

i i

el(t) = xl(t—.758),

ez(t) = 18x3(t) + x2(t),

e3(t) = -.25x2(t) - 4.5x3(t) - .25xl(t-.758)
- .25N1[xl(t-.758),t] + .25r(t),

e4(t) = —.25x2(t) - 4.5x3(t) - .25x1(t—.758)
-.25N2[18x3(t) + xz(t),t] + .25r(t),

w; (t) = z,(t),

wy(t) = z,(t),

w3(t) = w4(t) = -.25zl(t) - .2522(t).

), each w, is in L, [0, ). Now
it is seen from equations (8) and (9) that the functional equatiomns
are satisfied. For stability purposes only solutions for which r,

each e and each Yi belong to LZe[O’w) are considered. In this
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situation it is seen from the earlier discussion of solutions of
equations (7) that r, each e, and each y; are continuous. Hence,
these functions all belong to Lze[O,“). Thus, in a certain sense,
the set of solutions of (7) are a subset of the set of solutions of
the functional equations. This means stability properties of the
functional equations can be used to investigate properties of solutions
to equations (7).

Now Theorem 8 is employed to obtain boundedness conditions for the

functional equations. The operators H, and H4 have, respectively, the

3
Laplace transforms
H.(s) = e
3 s+l
and
= s+20
B(8) = Ty ) .

Referring to Lemma 1 of Chapter 3, it is found from the Nyquist diagrams

of Fi 22 that H 4 5T dig @

- ] i3 ¢ positive relation and H4 ie outgide the
sector {-5.33,-.5}. Hence H3-a31 is positive and H4 is conic with con-

stants (a4,b4) where ay =-5, a, = -.5, and b4 = -5.33. Assume for the
present that relations Hl and HZ are conic with, respectively, constants
(al,bl) and(hz,bz). Now let A = {1,2} and C = {3,4}. The B matrix is

eagily found from the functional equations to be

[ 1 0 ]
0 1
B =
-.25 0 -.25 =-,25
L 0 --25 -025 _-25 J .



Fig. 22. Nyquist diagrams for Example III.

The B' matrix is given by

B' = (I + B[diagdi])-l(B + [diagci]) =

C 0 0 1 0 ]
0 0 0 1
-.25 0 .25d1—.25+c3 -.25
] 0 -.25 -.25 +25d,-.25+c, ]
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Now the diagonal terms of this matrix suggest the following. Let
the single-loop system possessing open-loop relatioms H3 and -.25H1 have
a margin of boundedness 61. Similarly, let the single-loop system
possessing open-loop relations H4 and -.ZSH2 have a margin of boundedness

62. Note, since the conic nature of H, and H4 is known, specification

3
of 61 and 62 determines the conic nature of Hl and HZ' It is easily
found that the above conditions imply .25dl + cq = .25d2 tec, = 0. This

means the transformed system has the same interconnection structure as
the original system since it is now true that B' = B, It should be

observed at this point that the above assumptions imply 1—.25nln3 = 61
and l”a25n2n4 = 623

Now further manipulations produce

1 0 -ng 0

0 1 0 -n,

I-Clb,,"Ind=
i3 "4

Calculation of the successive principal minors gives the following

boundedness conditions:
1 - - .2
1 .25nln3 .-5n3 >0,

The first condition can be eliminated since it is implied by the second.

Further, from expressions given for Nq and A in Theorem 8 and Remark 2
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and from the above expressions for 61 and 62, it is found boundedness

is guaranteed if

6162 - .2562 - .27561 > 0.

From the above, the results cited earlier for the differential
equations (7) can be shown true. To see this consider the particular

situation of 61 = ,582 and 62 = .551. It is easily found that

8,8, = .256, - .2758, > 0.

Hence, the functional equations are bounded. It is seen from the
definition of a margin of boundedness § that it is required .25}11 be

inside the sector {61,2—61} and .251{2 be inside the sector

{.187 + .90762, 2-.90762}. For the above values of 61 and 62 this

means it is required that H

be inside {2.33, 5.67} and H, be inside

1 2

{2.75’ 6.00}-

Now assume that in equations (7) the nonlinearities N1 and N2

2.33x2 5_xN1(x,t).5 5.67x2 for all x and all tef0,x),

2

2.75x% 5_xN2(x,t).5 6.00x2 for all x and all te[0,»),

Nl(O,t) = NZ(O,t) = 0 for all tef0,®).

Hence, from Lemma 2 of Chapter 3, the relations Hl and H2 are inside the,

respective, sectors {2.33, 5.67} and {2.75, 6.00}. Now select a set of

initial conditions. This corresponds to fixing the w, functions. Then

i

pick a number D and a continuous input r such that
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[; £2(t)dt < D.

It follows there exist constants K and L such that for a corresponding

solution [xl(t),xz(t),x3(t)]T of (7)

© 2 ® 2
fo e “(t)dt = fo x, (t-.758%)de < K
and

[5 e, (0)at = [ [-.25x%,(t) - 4.5%,(t) - .25x, (t-.758)
- 25N, [18x,(t) + x,(8),t] + .250(6) 1%t < L.

The first inequality implies there exists an A, such that

1

o 2
fo xl(t) dt < Al'

From the equation given earlier for [xz(t),x3(t)]T, it is easily found

that

x,(t) = e-txZ(O) + fz e-(t_r)ea(r)dr

t

x3(t) = (e —e-2t)x2(0) + e-th3(O)

+ f§ [e-(t—r)_e-Z(t—r)]eA(T)dT.

Hence, both Xy and X, are in the form of a sum of a fixed function in
LZEO,“) with the output of an operator which is in the class Q. It is
easily seen that each operator has a Nyquist diagram which lies within
a circle in the complex plane with center at the origin. Thus, by

Lemma 1 of Chapter 3, it is seen each operator has a finite gain. Since
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the |le4||2 < L, it is then clear there exists constants A2 and A3

such that

© 2
Io x,"(t)dt < A,
and

© 2
[o %5 (D)t < A4,

Now assume the nonlinearities Ny and N, satisfy the following

conditions for all x and y and for all te[0,x):
2 2
2.33(x~y)" < (x-y)IN; (x,t) - N;(y,t)] < 5.67(x-y)",
2 2
2,75(x-y) 5_(x-y)[N2(x,t) - Nz(y,t)] < 6.00(x~y)".

Then from Lemmas 1 and 3 it is clear the incremental counterparts of
the above boundedness conditions are satisfied. This implies continuity
by Theorem 9. Now fix the L functions by selectimg a set of imitial
conditions. Next let r and r' be two continuous inputs with correspond-

ing solutions [xl(t), x,(t), x3(t)]T and [xl'(t), xz'(t), x3'(t)]T.

respectively. Assuming
[5 Ix@e) - e ()Pt < =
0 3

it is found using the obviocus definiticns for el' and 34' that there

exists B and C such that
[ Le () - e, "(t)1%at < B [ [r(t) - r'(r) 2%t
0 "1 1. - 0

and

fg Le,(t) - e4'(t)]2dt <C f: Le(t) - r'(t)]zdt.
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The first inequality obviously implies there exists a K1 such that
[7 Ix,(6) - %, "(©) 7%t < K, [q [x(e) - £'(0)7%ae
o %y Xy 2K g e .

Now examine the equations given above for xz(t) and x3(t). Since

initial conditions are fixed, it is seen that

X, (t) - x,'(t) = fg e-(t—T)[ea(t) - e,'(1)]dr
and

—(t-r)_e—2(t-

x,(8) = x,"(t) = [ole Ve, (0-e, (D 1dr.

Since the above integral operators have finite gain and since
,lea—e4'|[2.§ Cllr-r'llz, it is clear there exist constants K2 and K3

such that

[5 Ixy(8) - x," (7%t < K, [5 [x(e) - £'(0))%ae

[y Tyt - =" () 7%ar < Ky fp [e(e) - r'(0) 0 a.
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CHAPTER 6: CONCLUSION

Conditions sufficient to guarantee boundedness or continuity of a
multiple-loop nonlinear time-varying system are presented here. Bound-
edness results are derived in terms of the interconnection structure
of the multiple-loop system and in terms of gains of the relations inter-
connected to form the system. The range of application of these results
is greatly expanded through a certain transformation which leads to a
result involving sector conditions. Continuity results are found to be
available from application of boundedness conditions to a system which
relates changes in inputs to changes in outputs. This leads to results
identical with boundedness results but with sector conditions replaced
by their incremental counterparts.

An interesting illustration of the theory is provided by examining
a system formed by the interconnection of an arbitrary number of
memoryless nonlinearities with a number of linear time-invariant rela-
tions. It is found inputs belonging to a bounded subset of the L2 space
always correspond to outputs which belong to a bounded subset of the L2
space under the following conditions:

(1) The Nyquist diagram of each linear relation either

lies outside an appropriate circle in the complex plane and

does not encircle this circle or the Nyquist diagram lies

wholly within an appropriate circle,

(2) The graph of each nonlinearity lies in a region of
the plane enclosed by two appropriate straight lines passing

through the origin.
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The exact meaning of appropriate in (1) and (2) is determine&w%y"the
interconnection structure. By changing only (2), the above boundedness
conditions become continuity conditions. Inputs which are arbitrarily

"close" in the sense of the L, norm lead to outputs arbitrarily "close"

2
in the sense of the L2 norm if (2) reads: The slope of each nonlinearity
has appropriate upper and lower bounds.

In a certain sense the general theory is found capable of providing
some feeling of "how stable" a multiple-loop system is. If boundedness
conditions are satisfied, then specific bounds on system outputs in
terms of bounds on system inputs can be obtained. Further, if continu-
ity conditions are satisfied, then specific bounds on deviations in
gystem outputs in terms of deviations in system inputs are available.

If conditions on the multiple-loop system are tightened, then bounds
on system responses and deviations in system responses become tighter.
Hence, the margin by which stability conditions are satisfied is some-
what of an indication of the "degree of stability" for the system.

Much can be inferred about stability conditions which the theory
can provide solely by examining the form of the interconnection struc-
ture. Experience indicates the relative positions of the subloops can
be used to guide application of the theory. In applications presented
here it is found that if the subloops of the transformed system each
satisfy stability conditions by a certain margin then conditions for
the entire system can be phrased in terms of these margins. This often
reveals tradeoffs in conditions on relations which allow stability to

be retained.
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Several applications of the theory to specific multiple-loop non-
linear time-varying systems are presented. Three particular systems
considered are the following:

(1) a certain interconnection of three specific linear
time-invariant relations with a linear time-varying relation,

a pilecewise linear relation, and a hysteresis nonlinearity,

(2) a network formed from a passive impedance, a passive
admittance, a nonlinear time-varying resistance, and a non-
linear time-varying conductance,

(3) a third order nonlinear time-varying differential

equation involving time delay.
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APPENDIX A
Several Linear Spaces

Several types of linear spaces are discussed here. A thorough
discussion of these spaces is found in many texts [4], [6], [12]. First
a definition is given for a linear space. 1In this definition R denotes
either the field of real numbers or the field of complex numbers. A

number belonging to R is referred to as a scalar.

Definition: Let X be a set of elements for which the algebraic

operations of addition and scalar multiplication are defined. If
X,yeX then the addition operation produces a unique element of X denoted
by x + y. Further, if acR and xeX then the scalar multiplication opera-
tion produces a unique element of X denoted by ax. The set X along with
the two algebraic operations is a linear space if the following are true:

(1) x+y=y+ x for all x,yeX.

(2) x+(y+2)=(x+y)+ z for all x,y,zeX.

(3) There is a unique element of X denoted by 0 such that

x + 0 = x for all xeX.
(4) For each xeX there exists a unique element of X denoted

by -x such that x + (-x) = 0.

(5) a(x + y) = ax + ay for all aeR and all x,yeX.
(6) (a + b)x = ax + bx for all a,beR and all xeX.

(7) a(bx) = (ab)x for all a,beR and all xeX.

(8) 1x

LI}

x for all xeX.

(9) O0x = 0 for all xeX.|
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In the above definition if R denotes the field of real numbers,
then the linear space is referred to as a real linear space. Similarly
if R denotes the field of complex numbers, then the linear space is
referred to as a complex linear space. It should be noted no distinc-
tion is made between the number zero and the zero element of X. Which
is being referred to is always clear from context.

Now a special kind of linear space, a normed linear space, is

defined.

Definition: A normed linear space is a linear space X on which a
real-valued function referred to as the norm is defined. The value
of the norm at xeX is denoted by ||x||, and the following properties
must be satisfied:
@ |lxtyl] < |1x|] + |ly|| for all x,yexX.
(2) ||ax|| = |a] ||x]|| for all aeR and all xeX.

(3) ||x|| # 0 if x # 0.|
Now a definition is given for an inner product space.

Definition: A complex linear space X is an inner product space
if there exists on XxX a complex-valued function called the inner product.
The value of the inner product at (x,y)eXxX is denoted by <x,y>, and the
following properties must be satisfied:
(1) <x + y,2> = <x,z> + <y,z> for all x,y,zeX.
(2) <x,y> = :;?;; for all x,yeX.
(3) <ax,y> = a<x,y> for all aeR and all x,yeX.

(4) <x,x> > 0 for all xeX and <x,x> # 0 if x # 0.
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For the case of a real linear space, the above definition is
different. The only changes required are that the inner product be
real-valued and the bar over <y,x> be removed in property (2).

Now Lp spaces which are of interest for stability purposes are
defined. A condition which is violated at most on a set of measure

zero is referred to as being true almost everywhere.

Definition: For 1 < p < « the Lp space is defined as the space
of all real measurable functions x(t) such that |x(t)|P is Lebesgue
integrable over T. The L_ space is the space of real measurable
functions on T such that for each x(t) there exists an M so that

|x(t)| < M almost everywhere on T.|

In the above definition no distinction is made between functions
which agree almost everywhere. Also the notation Lp[to,m) or
Lp(-w,w) is often used to denote an Lp space for T = [to,m) or
T = (-»,»),

Each of the Lp spaces is a normed linear space. If xeLp for
finite p, then the norm of x is given by ||x|| = ( lex(t)lpdt)llp.
For p = « the norm of xeL  is the infimum of the set of all M such
that Ix(t)l < M almost everywhere on T. This infimum is called the

essential supremum and denoted by ess sup [x(t)|. Hence for xeL
teT

it is seen ||x|| = ess sup |x(t)].
teT

The L2 space is distinguished from the other Lp spaces by the fact
that it is an inner product space. If x,yeL2 the inner product is

defined by <x,y> = f'r x(t)y(t)dt.
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APPENDIX B
Relations

Following Kelley [5] definitions are given here for certain

manipulations of relations.

Definition: If H and K are relations on Xe and ¢ is a real

constant then:

H+ K = {(x,y) :xeDo(H)N Do(K) and there exist images
Hx and Kx such that y = Hx + Kx}.
cH = {(x%,y):xcDo(H) and there exists an image
Hx such that y = c(Hx)}.
KH = {(x,y):there exists z such that (x,z)eH and
(z,y)eK}.
-1
H = {(st):(y,x)EH}-

I= {(x,y):xsxe and y = x}.|

It is of interest to note that despite the fact addition and
scalar multiplication are defined, the space of all relations on Xe

is not a linear space.
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APPENDIX C
Completion of Proof for Theorem 7

It is shown here the hypotheses of Theorem 7 are sufficient to

guarantee the matrix I - [Ibijlg(H )1 has an inverse with all non-

3

negative elements. The following two theorems presented in Gantmacher

[1, pp. 66 and 71 of Vol. I1] are found to be useful.

Theorem 10: A matrix A having all elements nonnegative always
has a nonnegative eigenvalue r such that the moduli of all the
eigenvalues of A do not exceed r. To this "maximal" eigenvalue r
there corresponds an eigenvector y such that y > 0 and y # 0. Further,

the adjoint matrix B(A) = (AI-A)—;IKI—Al has all elements nonnegative

for A > r,

Theorem 11: 1If a matrix G has all off diagonal elements negative

or zero and the successive principal minors are positive, then all

Now, as in Theorem 7, assume the successive principal minors of
I- [Ibijlg(Hj)] are all positive. Since the last successive principal
minor is the determinant of this matrix, the matrix is nonsingular and
has an inverse. Now from Theorem 10 it is clear the matrixl]bij[g(Hj)]
has a "maximal’ eigenvalue r. Further, the matrix (I - [Ibijlg(Hj)])-l
II - [lbijlg(Hj)]l has all elements nonnegative if r < 1. But

T - [Ibijlg(Hj)]I is the last successive principal minor of



116

I- [Ibijlg(Hj)] and is positive. Hence, if r < 1 then I - []bijlg(Hj)]

has an inverse with all nonnegative elements.
Now it only need be shown that r < 1. Since r is an eigenvalue,

it is found

0= |rt - by, |a®)]] = [T - []b;;le®I} + (= - DI

This means l-r is an eigenvalue of the matrix I - [lbijlg(Hj)]' Now
from the theory of matrices it is known the characteristic equation for

the n x n matrix B can be written

n
B-AI] = (-0 + I s (- F=0

(
k=1 K

where each Sy is the sum of all principal minors of order k of the
matrix B, Thus, letting B = I - [Ibiilg(Hj)] and A = 1 - r results

in

n
(r-1)" + I g
=1
where each Sk is the sum of all principal minors of order k of
I - leijlg(Hj)]. But from Theorem 11 it is clear all principal
)] are positive. Hence, each S, > 0. Now

k| k

it is clear the above characteristic equation cannot be satisfied

minors of I - [lbijlg(H

for r > 1. Hence, r < 1.



117
APPENDIX D
Completion of Proof for Theorem 8

It is shown here that the conditions imposed on Hi in Theorem 8

are sufficient under the transformation to imply H,' is inside {'“i’“i}‘

i

First a few properties of conic relations are listed:

(1) 1If H is conic with constants (a,b), then for any
real number k the relation H + kI is conic with
constants (a + k, b + k).

(2) 1f H is conic with constants (a,b) and k > O,
then kH is conic with constants (ka,kb). If
k < 0, then kH is conic with constants (kb,ka).

(3) 1If H is conic with constants (a,b) where ab # 0,
then H-l is conic with constants (%y% . The
limiting cases of b + ® and a + -~ are dealt with
rigorously in the following manner. If H-al is
positive where a # 0, then gt is conic with
constants (0,%). Further, if -H + bl is positive
where b # 0, then H-l is conic with constants (%,0).

Similar properties to the above are proven in [15]. However, the
notation is somewhat different.

Assuﬁe ieA. Then Hi' = Hi + dil. Since Hi is conic with constants
(ai’bi)’ it is seen by property (1) above that Hi' is conic with con-
stants (ai + di’ bi + di)' Now di = —'% (bi + ai) results in a; + di =
-'% (bi-ai) and bi + di = %’(bi-ai). Since n; = %‘(bi-ai) >0, it is

' -—
found that Hi is inside { ni,ni}.
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+ ciI)-l. The relation H, is

-1
Now assume ieC. Then H,' = (H 1

i i
conic with constants (ai’bi) where aibi # 0 due to the fact that

2b,a

n, o= - (b 1 i) > 0. Hence, by property (3) above, Hi—l is conic with
i i
1 1 ] -1 .
constants {E—a ;r~}. Now by property (1) the relation H, o~ o+ c,;1 is
i i
1 1 by + 3y
conic with constants (*—+ c,, =—™— + ¢,). Since ¢, = - (), it
b i i i 2b,a
i i i1
b,~a b,~a,
is seen that l""+ c. = - (= L i) and l—'+ c, = L =, Since b, # a.,
bi i 2b.a 134 a; i 2biai i i

property (3) can be used again and reveals that (Hi-1 + ciI)—l i

Zbiai Zbiai 2biai
conic with constants (b ==, (b = )). Now because n, = - (;‘:;‘)”0,
173 1734 1734

it is seen that H.' is inside {-n. n.}.
i i, i

Now consider the remark made following the proof of Theorem 8 con-

cerning the limiting cases for 1eC of b, - * and a, + -»., The case

i i
bi + o 1g examined first. Assume Hi - aiI is positive. Now Hi' =
(H.-l + c.I)_l. The constant a. # 0 since n, = -2a, > 0. Hence, by
i i i i i -

property (3) Hi-l is conic with constants (0,§—9. By property (1),
i
-1 1

1 N
Hi + ciI is conic with constants (ci, a + ci). Since c, = Zai’
-1 1 1
it is clear that H, ~ + c.I is conic with constants (- ——, 7).
i i 2a,’ 2a

i i
Hence, (Hi 1 + ciI)-1 is conic with constants (Zai,-Zai). Since

n, = -2a, > 0, it is true that H,°
i i i

be shown that if - Hi + biI is positive then for the modified
}o

definitions of ¢, and n, the relation H,' is inside {-n, n
i i 1 1,M1

is inside {-nini}. Similarly it can
’
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